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ABSTRACT 


The  concept  of  a  sheaf  unifies  and  axiomatizes  what  is 
shared  in  common  by  associating  with  each  point  of  a  topological 
space  (base  space)  an  algebraic  structure  (stalk)  and  then  treating 
the  totality  of  these  structures  as  a  topological  space  (sheaf  space). 
In  practice  the  stalks  are  not  chosen  arbitrarily  but  are  defined  in 
some  specific  way  in  terms  of  the  properties  of  the  base  space, 
expressing  in  this  way  information  about  the  local  property  of  the 
base  space  and  the  corresponding  set  of  all  sections  giving  the 
global  property.  The  concept  of  a  sheaf  gives  a  workable  mathematical 
formulation  for  the  intuitive  notion  of  variation  of  a  structure. 

Elementary  aspects  of  sheaf  theory  are  developed  in 
detail.  In  the  first  chapter  the  sheaf,  presheaf  and  section  are 
defined  and  the  relation  of  (associated)  sheaf  and  (canonical)  presheaf 
is  established.  Next  algebraic  concepts  (homomorphisms  of  sheaves  and 
presheaves,  sub  and  quotient  sheaves  and  presheaves,  exact  sequences) 
and  the  operations  (direct  sum,  tensor  product)  are  developed.  In 
chapter  two  the  coherent  theory  of  sheaves  is  developed  while  in  the 
last  chapter  the  algebraic  and  analytic  theories  of  sheaves  are  briefly 
described. 
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INTRODUCTION 


Modes  come  and  go  in  mathematics  as  in  other  fields  of 
human  endeavor.  Often  new  modes  have  difficulty  breaking  through 
until  they  are  greeted  with  acclaim,  copied  and  multiplied  by  the 
debutants,  and  then  only  to  become  old-fashioned  and  disdained  by 
the  still  younger  set.  In  the  mean-time  the  old  modes  show  great 
reluctance  to  disappear  for  there  are  always  some  faithful  souls 
who  prefer  the  Paris  of  twenties  to,  say,  the  Princeton  mode  of  the 
fifties.  It  is  never  safe  to  opinionate  that  a  particular  field  in 
mathematics  is  dead  or  has  outlived  its  usefulness.  Pronouncements 
to  that  effect  have  often  been  made  perhaps  with  malice  toward  some, 
but  usually  have  been  belied  by  later  events. 

\  i 

Although  mathematicians  affirm  the  universality  of  their 
subject,  they  deny  that  it  possesses  any  absolute  qualities  of 
truth.  In  fact,  one  of  their  favorite  descriptions  of  mathematics 
is  Bertrand  Russell’s  witty  summation:  "the  subject  in  which  we 
never  know  what  we  are  talking  about  nor  whether  what  we  are  saying 
is  true".  This  description  reflects  not  modesty  but  as  proud  and 
Promethean  a  boast  as  man  has  ever  made.  In  effect  mathematicians 
are  saying  that  their  work  can  apply  to  any  part  of  our  world  and 
universe  that  might  be  constructed  along  logical  lines.  They  are 
saying  that  mathematics  reaches  into  a  realm  of  such  ultimate 
sophistication  that  the  truth  or  non- truth  of  any  given  premise  no 
longer  matters.  What  does  matter,  they  say,  is  that  the  premise  be 
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correctly  reasoned  to  its  conclusion.  Using  this  criterion,  a  math¬ 
ematician  could  unblinkingly  assume  that  the  moon  was  made  of  green 

i 

cheese,  and  convincingly  argue,  through  a  series  of  further  premises, 
to  the  conclusion  that  astronauts  should  carry  crackers. 

Mathematics  is  not  so  much  a  body  of  knowledge  as  a 
special  kind  of  language,  distinguished  by  its  ability  for  clarity 
and  particularly  well  suited  to  develop  logical  arguments.  The 
grammar  of  the  language  -  its  proper  usage  -  is  determined  by  the 
rules  of  logic,  and  its  vocabulary  consists  of  symbols  representing 
assorted  concepts.  The  power  of  mathematics  is  no  more  and  no  less 
than  the  power  of  pure  reason. 

Over  the  years,  mathematicians  have  tried  to  improve  their 
knowledge  of  their  subject,  and  with  each  advance  there  have  arisen 
new  questions  concerning  the  foundations  upon  which  mathematics  is 
built.  It  was  not  until  some  of  the  intuitively  obvious  facts  were 
shown  to  be  false  that  mathematicians  began  to  question  their 
assumptions.  In  order  to  question  the  assumptions,  it  was  often 
necessary  to  state  an  intuitive  notion  quite  precisely.  When  this 
was  done,  it  soon  became  obvious  that  a  better  understanding  of 
mathematics  demanded  a  language  that  was  as  precise  as  man  could 
make  it . 


A  large  portion  of  the  so  dubbed  "modern  mathematics  has 
been  concerned  with  this  improvement  of  the  language.  The  need  for 
a  precise  language  has  given  rise  to  "precise"  mathematics,  and  not 
the  misnomer  "modern"  mathematics. 


-  :  n  «i  •-  >  j<  .flo.s  u  oa  i3  o.i  i.  >a<  a  t  1  o  o 

ia  yacr  a.»«*  iooob  >j'1  J«rf3  *n  ae/j  yl.nl  'I  Cdaw  )Iuoo  u-bili;  s 

.  T?oi  ua  bit/oii;:  »3.v3  073Hk  Jbib  ooii  ;f  ion  yrii  oJ 

•  •  agfa  :o  y  :>otf  o  rioi  v,  •  .  a  '  d  *— it  '.t«M 

1  ;  ./•'.•  i:i,  8  31  r>  •".  ;  1  i/llrl  ;  iiot-.. 

.  V>»acci8  *'>J  c»  9V9J  r  l  -  Jiluf  JI  *w  yX?  .;  >j  . 

*  •  n  b  :-j!  ,  :••  •«  '  i  j  ;:3/  -  s  ugflil  ir; 

gcldnsasiq**  aJodmy*  it  «3»JL«ftbd  y*:al  ?t>  bn*  ,n±$Q.I  io  aalin 

a  -•  on  :•(.•  •  •  .'is?  sj  toii-rur  ;«n  •  •‘•if.  *  i.  i  ,adqg  .  503  j-Adxo.fv 

r  tbr  ai  »iuv  /.  r  fxoq  arij 

*•  3  cr  i.  c:  ii  /  r  ••  ax<  „ .  sv  •  •■; 

n^t  x.i*  ^van  a^sria  boo&vL  ■  f •  ri3 1  ,•  bn*  f.  •  ..  a  iladd  Jo  9&b&lwoaJ 

**'* *w  :>JjI  3’;ciivc|n  •;!  .  I3iw3nl  jrh  io  OUTOA  ,1J3«70  ?®a  ,  ,,*  31  j  d 
xf9i  fio  3  ‘  \  gact  \an*Jtsi.  *r;  ;.  J- J3  r  |r.3  a  t  od  nvorit 

nolle  e--w  taoox  . wh  a ci  od  x^bxo  nJ  .ar/c  3q  iMeaa 

vdo  amaad 

aew  J  S  (f  i  •bn8/ff.r  ;  o  ‘18.  »f  i«  f 

\ 

a»/i  aollivjaiijt  aQ  maba'1"  bacfcitrb  ob  urb  lo  ao.fc.7:  or  ogji*!  A 

°  '*r/«  ,«  il3»ra9d36ir  arlooxq  od  3»ii  /isvig  a&d  sga  jgasi  dftljoxq  u 

.  ;3:  r,  -v  '  ;  /i  r  -.dc/n  '  va-:  .:•  A-  axij 


vii 


In  both  range  and  remoteness,  modern  mathematics  defies 
easy  description.  In  general,  however,  it  has  developed  along  two 
lines:  on  the  one  hand  success  and  conquest  -  the  ability  to  solve 
problems;  on  the  other  hand  soul-searching  and  contemplation  -  an 
uncertainty  as  to  the  nature  and  aim  of  ultimate  mathematical 
abstraction.  Both  these  strands  are  woven  into  the  many-splendored 
fabric  of  mathematics  today. 

On  the  contemplative  side,  two  of  the  most  notable 
developments  are  set  theory  and  symbolic  logic.  Set  theory,  among 
other  things,  provides  a  technique  for  "anatomizing  the  infinite"; 
whereas  symbolic  logic  attempts  to  reduce  all  human  reasoning  to  a 
mathematical  notation.  Symbolic  logic  has  produced  one  of  the  most 
curious  and  influential  theorems  in  all  modern  mathematics  -  Godel's 
theorem,  which  shows  that  no  useful  branch  of  mathematics  can  be 
constructed  on  a  consistent  set  of  axioms  without  raising  questions 
unanswerable  within  the  framework  of  the  axioms  themselves.  For 
mathematicians  as  a  whole,  the  implication  is  that  the  subject  will 
never  be  complete  -  that  there  is  limitless  scope  for  fishing  in  the 
mathematical  ocean. 

Both  set  theory  and  symbolic  logic  are  abetted  by  a  third 
form  of  mathematics,  structure  theory,  which  accounts  for  the  other 
mathematicians  -  of  course,  with  the  exception  of  the  dispensable 
appendage  of  the  "numeraticals". 


The  nature,  trend,  feature  and  aim  of  modern  mathematics 
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may  be  stated  in  the  following  one-sentence  remarks.  It  is  the 
essence  of  mathematics  that  it  concerns  itself  with  those  relations 
which  lie  so  deep  in  the  nature  of  things  that  they  occur  in  the 
most  varied  situations.  The  tendency  is  to  isolate  almost  any  set 
of  properties  from  its  original  context,  to  name  and  to  develop  an 
abstract  theory.  A  characteristic  feature  is  its  emphasis  on  the 
study  of  objects  defined  partly  algebraically  and  partly  topologically, 
or  partly  algebraically  and  partly  dif ferentiably .  The  aim  is  to 
reveal  the  structure  that  is  inherent  in  mathematics;  that  is  to  say, 
!Iwe  have  grasped  it  mathematically  only  if  we  know  the  structure". 

The  algebraic-topological  methods  have  in  many  cases  been 
suggested  by  the  respective  fields,  and  they  have,  conversely,  strongly 
influenced  them  and  contributed  to  their  recent  development.  For 
instance,  the  algebraization  of  mathematics  has  forced  modules  into 
a  central  position,  tensor  products  arose  from  differential  geometry, 
categories  and  homological  algebra  from  topology. 

During  the  period  1935 -W,  the  subject  of  topology  produced 
two  new  tools,  first  the  homotopy  groups  of  Hurewicz  and  secondly  the 
concept  of  a  fiber  space  as  developed  by  Whitney,  Stiefel  and  Hopf; 
during  19^0-45,  homology  and  cohomology  as  developed  Hopf,  Eckmann, 
Eilenberg,  Maclane,  Hochschild,  Chevalley  and  others;  and  during 

the  notion  of  a  sheaf  introduced  by  Leray  in  order  to  study 
homological  properties  of  a  continuous  map. 


The  fundamental  problem  and  last  problem  of  classical 
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topology  consists  in  determining  the  neccessary  and  sufficient 
conditions  for  two  given  topological  spaces  to  be  horaeomorphs.  The 
direct  and  more  or  less  intuitive  methods  based  on  the  knowledge 
related  to  simple  examples  of  topological  spaces  have  long  since  been 
abandoned.  Recent  investigation  is  attempting  to  arrive  at  the  necessary 
conditions  by  associating  to  a  topological  space  an  algebraic  structure 
that  depends  on  the  topological  space  only,  that  is,  without  the 
homeomorphisms .  Consequently  the  problem  of  the  classification  of 
the  homeomorphisms  of  the  topological  space  can  be  at  least  reduced 
partly  to  a  problem  of  classification  of  isomorphism  of  algebraic 
structures  for  which  the  recent  algebra,  homological  algebra,  offers 
much  information  and  many  ways  of  approach.  Actually,  homological 
algebra  was  invented  as  part  of  the  process  of  formalizing  algebraic 
topology. 

The  algebraic  structure  associated  to  a  topological  space 
is  the  homology  group  (or  cohomology  group)  which  deals  with  the 
formal  properties  of  maps  and  their  composites.  More  intuitively, 
homology  provides  an  algebraic  picture  of  topological  spaces, 
assigning  to  each  space  X  a  family  of  abelian  groups 
Hq(X),  ...,  Hr(X),  ...  ,  and  to  each  continuous  map  f  :  X  -*  Y 
a  family  group  homomorphisms  f^  :  Hn(x)  ^(Y)  .  Properties 
of  the  space  or  the  map  can  often  be  found  from  properties  of  the 

f 

group  or  the  homomorphism  f^  .  Of  course,  the  efficacy  of 

an  algebraic  technique  depends  not  only  on  the  richness  of  the 
algebraic  structure  but  also  on  the  faithfullness  wherewith  the 
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topological  property  is  reproduced  in  the  algebraic  model.  A 
particular  algebraic  technique  that  is  used  is  a  functor  F  passing 
from  a  topological  category  C  to  an  algebraic  category  C'  and  the 
question  is  then  asked  as  to  what  categorical  features  of  C  and  C' 
are  preserved  by  F  . 

It  is  a  fundamental  principle  in  the  investigation  of  any 
system  that  one  needs  to  know  not  only  its  internal  structure  but 
also  its  representations.  So,  in  addition  to  determining  all  the 
homology  groups  of  a  space,  one  also  determines  all  their  representa¬ 
tions,  giving  rise  in  this  way  to  the  usual  pattern  of  chains,  cycles 
and  boundaries. 

Two  general  points  of  view  in  various  branches  of  mathematics 
is  the  formulations  of  invariants  and  covariants  in  abstract  spaces, 
and  the  characterization  of  mathematical  entities  by  extremum  properties. 
The  invariants  in  algebraic  topology,  such  as,  homotopy  groups, 
homology  groups  and  cohomology  operations,  are  all  homotopic  in  nature. 
Knowledge  about  the  so-called  ’'pure1'  and  yet  non-homotopic  topological 
invariants  is  still  scant  and  fragmentary. 

There  has  been  in  recent  years  trend  to  unification  which 
clarifies  the  common  ideas  and  is  helpful  for  applications.  At  its 
origin  is  on  one  hand,  the  categorical  formulation  due  to  Eilenberg 
and  Mac lane  and  the  axiomatic  approach  to  homology  due  to  Eilenberg 
and  Steenrod,  and,  on  the  other  hand,  the  successful  efforts  made 
in  homotopy,  fiber  bundle  and  sheaf  theory,  etc.  It  appears  more 
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and  more  clear  that  there  is  a  common  framework  for  the  various 
concepts  and  methods,  simple  at  least  in  its  basic  ideas. 

One  of  the  chapters  of  the  vast  field  of  algebraic  topology 
is  that  the  sheaves.  A  sheaf  is  just  one  of  the  examples  in  the  recent 
trend  toward  hybridization  of  mathematical  structures.  It  is,  in 
particular,  an  algebraic-differential-topological  structure  from  which 
are  developed  the  three  specialized  theories:  algebraic  sheaves, 
analytic  sheaves  and  differential  sheaves. 

The  concept  of  a  sheaf  like  all  meaningful  mathematical 
concepts  was  maturing  for  some  time  in  the  body  of  other  mathematical 
theories  before  it  came  to  light,  acquired  a  name  and  became  the 
subject  of  an  independent  study.  Essentially  the  concept  of  a  sheaf 
unifies  and  axiomatizes  what  is  shared  in  common  by  associating  any 
set  with  or  without  structure  to  each  point  of  a  topological  space. 

In  this  way,  a  sheaf  may  be  regarded  as  a  system  of  local  coefficients 
over  a  topological  space. 

The  concept  of  a  sheaf  gives  a  workable  mathematical 
formulation  for  the  intuitive  concept  of  "variation'1  of  a  structure. 

A  sheaf  may  be  interpreted  as  describing  some  local  property  of  the 
space  over  which  it  is  defined  and  the  set  of  all  sections  of  the 
sheaf  giving  the  corresponding  global  property  of  the  space.  More 
precisely,  the  cohomology  modules  of  a  space  with  a  coefficient  sheaf 
furnish  the  algebraic  tool  to  formulate  globally  the  properties  of  its 
local  structure,  where,  in  particular,  the  zero-dimensional  cohomology 
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module  with  a  coefficient  sheaf  may  be  interpreted  as  the  module  of 
all  sections  of  the  sheaf* 

With  the  permeating  influence  of  homological  algebra  and 
category  theory  on  mathematics  as  a  whole,  sheaves  may  actually  be 
considered  as  a  chapter  in  the  theory  of  the  functor  categories. 

The  theory  of  sheaves  has  been  developing  from  three 
points  of  views  that  of  Cartan  with  his  fine  sheaves,  that  of 
Grothendieck  with  his  injective  sheaves  and  that  of  Godement  with 
his  flabby  sheaves.  Recent  studies  appear  to  indicate  that  the 
central  problem  in  sheaf  theory  is  that  of  extending  sections  of 
a  sheaf,  so  that  Godement* s  development  is  actually  most  appropriate. 

As  for  applications,  the  development  of  the  theory  of 
sheaves,  and  its  adaptation  for  use  in  the  theory  of  functions  of 
several  complex  variables  (analytic  and  differential  sheaves)  has 
provided  a  new  tool  for  dealing  with  integrals  of  differential  forms. 

In  abstract  algebraic  geometry,  sheaves  (algebraic  sheaves)  are 
fundamental.  Moreover,  they  are  used  in  proofs  of  several  important 
isomorphism  theorems  in  homology  and  in  cohomology  theories. 

Although  the  study  of  sheaves  is  a  prerequisite  for  the 
study  of  many  newer  fields  of  mathematics,  in  this  exposition  it  is 
presented  as  a  subject  of  interest  in  itself.  The  three  main  parts 
of  the  general  theory  of  sheaves  are:  (l)  Sheaves  (algebraic, 

i 

analytic,  differential),  maps,  sections,  operations  on  and  constructions 
of  sheaves,  coherence  and  exact  sequences;  (2)  Fine,  injective  and 


■'  *  ?ii|i  itr  o  &  r  uboa 

.  'rii.  i,.j  lo  ..noi  r.  *t  li . 

•*  1  •  'vii  i  .-  i  zurl  ,.?t  ;  tAse: z*q  fhiK 

-  ./-U  -;:,'.  vj.  -  :„;■>•  >*f  r  .•  «|.  .jis  rar&rfu  -i  do  vioarb  yio^lto 

'***  i3  3  ‘  ■  f-  J.*  c  J  ,  Wi  t  j  t*  c  ,  ,.•>  •>  *a  be  .  •  u 

3*ito  tfisva_>  i  atiil  sfrf  ri3i*  a«t  D  lo  j»ri3 

f3'  r  "  ’*><■  >  >  -+  r.  3*  to  5  ;•  :rj  •  t;  j  ,?  -^lb  . 

■ 

■ 

*°  *!  3o  X"0-  ^  *  to  ni  io  a  ’j  aht,  §:  i  bat  ar&dda 

' '0>  J&):  nHidi  ■**  *l&n%9lal  i  h  a>  f  *b  oi  o •  ■  j  ver  a  b»Mvc*q 

evs9ri«  oi  >S  ta\  ,%srh  ,..  yt J  c.a£  a.t*Td ->i  C»  3aai3«da  nl 

v-  ojwi  -  ta  -  m*  so/ 3*  o  i  ;  o*v-  laJlriq;  •  .?•  , 

3  '  lq  c  *9vt.y.  .*,  fjbv$M  mij  UQ  Jll  , 

M  :  t  i  •l.  t.  >q:  1  *«-i  vuu  1  >  •!  iaii  *  va-  asm  io  \juj 

•**"l  lU"  '«»  •»**«*  «i  '«»»««  io  )Mt^l  1  w  ba.oeaaTq 

.olo-tXagla)  aavsarig  (X)  :»™  savaada  Jo  ysosrta  laisoag  adJ  io 

00  r  ■  ■■■•'*3  »«•"  no  wo  )'  **  o  .a.-.ciJoae  ,  aqua  ,(Xai3naaaiiib  .oij^iana 
bf/t  .  I38tr.:  , ani';  (S)  ja-jooaupaa  ioaxa  baa  aonaiarioo  ,a»vaad«  Jo 


xiii 


flabby  sheaves,  methods  of  homological  algebra  in  sheaf  theory 
(injective  resolutions,  derived  functors,  spectral  sequences,  etc.); 
(3)  Cohomology  theory  of  sheaves. 

Here  only  the  rudiments  of  sheaf  theory  are  developed, 
namely  topics  in  (l)  and  the  most  elementary  aspects  of  (3)  . 

Many  of  the  proofs  stated  are  in  various  stages  of  incompletion 
and  some  actually  contain  only  suggestions  for  a  possible  proof. 

The  following  notation  is  used  to  indicate  the  sources  from  which 
the  results  and  proofs  were  obtained,  (l,  (-)  )  indicates  that 
the  result  without  proof  is  stated  in  (l)  of  the  bibliography  and 
that  the  author  supplied  a  proof  or  made  suggestions  for  its  proof. 
(2,  (+)  )  indicates  that  the  result  with  proof  is  stated  in  (2)  . 

(3 f  (0)  )  indicates  that  the  result  without  proof  is  stated  in  (3) 
and  the  proof  was  obtained  from  another  source  or  from  a  variety  of 
sources,  some  of  which  are  not  listed  in  the  bibliography. 

In  any  introductory  study  of  a  topic  (such  as  this  one) 
one  danger  is  to  avoid  the  temptation  to  include  too  many  concepts 
and  so  to  overwhelm  the  exposition  with  a  host  of  definitions 
unsupported  by  a  substantial  body  of  results  to  indicate  their  power 
and  relevance.  This  would  lead  to  a  poor  mathematical  significance 
ratio  of  number  of  theorems  to  number  of  definitions,  and  would 
convey  the  impression  that  the  topic  (sheaf  theory)  was  an  organism 
with  a  highly  developed  bone  structure  but  little  meat  to  clothe  it. 
This  work  is  indeed  obsessed  with  just  such  a  guilt! 


ii:  }  m  l  .  rti  X  ft**  t  }<”£«*  -  f kt.i'  *  >  .  ivrfv  >  < 

;(«a^a  <aftftrMtp#i  1**3  '  >q«  .eto zoaa\  b>v~iab  ^ac  iul avlsostol) 

.  ■>  t  J  Y  Os,  v  jC;/  o:  >»  (  ;  ' 

- «•  •  I.  »  ‘  i‘j«ra  ;  ■>  u-  ;  .•/<.  *..  ac 

wclJ5tqr  ou7l  jo  :a  •;•  n  .rrqv  j  j*  a  6*3*11*  siooiq  *r<J  ~u 

Idlap.o  b  *tc .  ioci  'iv'  *  flwo  i.  *jt  oo  i(IX  oj  .«  ja  ■* 

**'.•  rJji'Jc  >3  b*  t  ,  ;;  ^oi;,4o  ^axwoUc  i 

3n*  •  8^!*olbn:  (  (  tJ)  .bsoJ  ;<-io  ?,ico '  hr  *3rv-  \i  in 

.ic  iq  #3/  io:t  3  ,<o  .  .  »-ai  to  100:  ;  a  n.  u?.  .*  >«  or 

i  tooiq  if3  w  3Il-201  oi  “srij  .  Jfcoib  r  (  (  ,  j) 

(  :0  til  i:  3a  8>  looiq  '.oorfaiw  r  jaai  s*;.  a/t 7  «e.1aol  a  •  {  (0  i) 

. 

n1<  '  f  1‘  .  ■>  f  £  h  ■’  x  3r  i  . 'c  .  ■  <  v  ac  . 

5J  h  r,  »*u«y  iq  l  ;  o  ;:tc  :>t'k  ' Je>  V/JO  : 

. 

■ 

i  »ow  baa  <*ao„  3lA:  tab  >o  iddvun  o  v«ry*o*rf3  *r,  is,  ;«un  la  ol  Rt 

»3I  -.|i  OaO  Ci  36i  •:  ^  J3tX  lud  aii  J^UI!  tf  f  SKJO/OVj;.  •'  * 


CONTENTS 


Page 

CHAPTER  1  Sheaves  over  a  Topological  Space 

1.  Definition  of  Sheaves  1 

2.  Sections  of  Sheaves  9 

3.  Homomorphisms,  Subsheaves,  Quotient 

Sheaves  17 

4.  Exact  Sequence  of  Sheaves  24 

5.  Operations  on  Sheaves  27 

CHAPTER  2  Presheaves  over  a  Topological  Space 

1.  Definition  of  Presheaves  33 

2.  Presheaf  of  Sections  3 4 

3.  Homomorphisms  of  Pre sheaves  36 

4.  Exact  Sequence  of  Presheaves  36 

5.  Sheaf  Induced  by  a  Presheaf  37 

CHAPTER  3  Coherent  Sheaves 

1.  Definition  of  Coherent  Sheaves  42 

2.  Coherent  Subsheaves  and  Coherent 

Quotient  Sheaves  48 

3.  Exact  Sequence  of  Coherent  Sheaves  52 

4.  Operations  on  Coherent  Sheaves  57 

CHAPTER  4  Algebraic  Sheaves  and  Analytic  Sheaves 

1.  Affine  Spaces  60 

2.  Sheaf  of  Local  Rings  63 

3.  Structure  of  Algebraic  Variety  67 

4„  Algebraic  Sheaves  69 

5.  Structure  of  Analytic  Variety  7I 

6.  Analytic  Sheaves  73 

7.  Isomorphism  of  Algebraic  and 

Analytic  Sheaves  'jb 

76 


BIBLIOGRAPHY 


roqc  i  \  iv  a 


£>gii 


c. .,  ••  o-  '  •■Jlr  . 

.1 

isr!  :  ')  K  -t3  53<_’ 

♦  S 

•  tic  p  '  vjt«i.r.4.,(r  t  ;  fc  w  jH 

&$v*946 

-VftsiriS  ifco  a ..  >£  :.  -.ax'. 

aa\rfc»ri8  rso  or^Jt:  .  ffqO 

-  r>  li  3i$C  >'<  2'  J  -  ,  i-ev  -s-o-’  I 

rs:i  a  ? 

89V s oifo  •  i  PotiiaHci 

-•t(  i*£  f  ^8  >fl&  i 

r  j  sdas,. .  w/i:c  i  )H 

*c 

csv-fcorf®:-^  .w  i?  .»*■* '  :4>»t  1l  x3 

'•":••  I  i;  31-  i 

sovtexlg  »do3 

a&vudriS  3o.-  3rio‘  u  aclJi  riiati 

.  r 

•ji  5-  bne  a~  ’*■  ••  -  *1  s  •;) 

.s 

•  •:.  ..vds.  •  •  .  ij.nC 

,tc 

9.drf  .Ui:..  4i3Kij.  i  !) 

ViTiAHO 

£  *c?  (E  eatiHA 

a 3  IS  i  jcJ  io  !sar£ 

*£.  f).  V  9.,  I' -k  t:  &t  0.301/  i<8 

•  8  i»rte  t  .c  •:  r4  :  • 

v-  --■  •  -RV  j.jV1  -  0  ?>7;  ) 

3  >v  *d£  ox.:  Xu  A 

'■ 7  :JC  v  /  V  '  5  i  /|q  TOi.ro 62 

ri3  ox  '  o;  jv.Ur  ^ 

Chapter  1 


Sheaves  over  a  Topological  Space 


1.  Definition  of  Sheaves 

The  definition  of  a  sheaf  below  is  historically  the  original 
one  of  topological  nature;  that  is,  sheaves  are  defined  as  particular 
topological  spaces.  This  interpretation  is  more  appropriate  than 
the  more  recent  algebraic  one  in  the  elementary  theory  of  sheaves. 

Sheaves  were  introduced  by  Leray  {70)  ,  and  the  modified 
definition  now  used  was  given  by  hazard  (11). 


Definition  1.1:  A  sheaf 


groups  over  a  topological  space  X  (base  space)  is  a  set  S 
(sheaf  space)  provided  with  an  onto  map  (projection  map) 


cr  :  S 


*  X 


and  provided  with  two  structures: 


1.  Algebraic  structure 


S,  :  For  each  x  S  X 
1 


is  an  (additive)  abelian  group. 


2.  Topological  structure 


The  sheaf  space  S  is  a  topological  space  such  that: 


continuous  in  the  topology  of  S  . 


:ta  I*.:l  ;  oqd  :o  t  o 


% 
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x  - -  e  :  T. 
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9.  e/it  -  fs^-j 


Remark  1.1:  Let  S  x  S  be  the  cartesian  product  of  the  sheaf 


space  S  ,  and  let  S  +  S  be  the  subspace  consisting  of  those 
pairs  (s^  ,  s 2)  for  which 

o-(s1)  =  <r(s2)  . 

Addition  is  continuous  means  that 

f  ;  S  +  S  - »  S 

defined  by 

»  »2)  =  *i  +  s2 

is  continuous.  In  other  words,  if  s  ,  s'  €  S  and  cr(s)  =  cr( s * ) 
then  given  an  open  set  G  containing  s  +  s'  ,  there  exist  open 
sets  H  ,  K  with  s  €  H  ,  s’  e  K  such  that  if  s^eH,  s^  e  K 

and  <r(s^)  *  o’Csg)  then  s^  +  s^  e  G  .  We  denote  this  by  H  +  K  c  G 

Proposition  1,1:  If  ^  =  (S  ,  cr  ,  X)  is  a  sheaf  of  abelian  groups, 
then  the  open  sets  under  the  local  horaeomorphism  cr  form  a  base 
for  the  open  sets  of  X  .  (30  ,  (-)  ) 

Proof:  Let  6  cS  be  an  open  set  with  x  €  G  .  Since  cr  is  a 
local  homeomorphism  there  is  an  open  set  H  with  x  e  H  such  that 

o* | H  ;  H - >  cr(H) 

is  a  homeomorphism.  Then  HOG  is  open.  So  if  x  €  H  fl  G  c  G 
and 

a|H  n  g  *  h  n  g - ><j(h  n  g) 

is  a  homeomorphism,  then  cr(K  PI  G )  is  open  in  cr(H)  .  Hence 
cr(H  fl  G)  is  open  in  X  . 


JI02 


« 
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Proposition  1,2?  If  af  =  (S  ,  cr  ,  X)  is  a  sheaf  of  abelian  groups 
then  O'  is  a  continuous  open  map.  (95*  (■)  ) 

Proof:  Since  O’  is  a  local  homeomorphism,  it  follows  that  o'  is 
a  continuous  map.  O'  is  an  open  map  by  Proposition  1.1. 


Proposition  1.5:  If  d  =  (S  ,  o'  ,  X)  is  a  sheaf  of  abelian  groups, 
then  the  sheaf  space  is  the  union  of  the  stalks  of  the  sheaf.  (91,  (+)  ) 


Proof:  It  follows  that 


S 


_ 

xeX 


s 

x 


from  (S^)  of  Definition  1.1. 


Definition  1.2:  A  sheaf  &  =  ( A  ,  a  ,  X)  of  rings  with  unity  over 
a  topological  space  X  is  a  set  A  provided  with  an  onto  map 


a  :  A 


-»  X 


and  provided  with  two  structures: 
1,  Algebraic  structure 


-1, 


-  :  For  each  x  e  X  the  set  a  (x)  =  A  is  a  ring  with 
J.  X 


unity,  denoted  1 
2.  Topological  structure 

The  sheaf  space  A  is  a  topological  space  such  that: 

J  a  is  a  local  homeomorphism  of  A  onto  X  . 

S_  :  The  composition  laws  (addition,  multiplication,  unity) 

3 


of  the  stalks  are  continuous  on  A  , 


eq  r .si:  k  **tl*  %  r.  {  .  T>  ,  2)  =  II  ^ c 
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Remark  1.2:  Continuity  of  multiplication  means  that 


g  :  A  +  A 


->  A 


defined  by 


g(a  ,  a')  =  a  .  a' 

is  continuous.  Continuity  of  unity  means  that 


h  :  X 


A 


defined  by 


h(x)  =  1 


is  continuous. 


Definition  1.5:  A  sheaf  $  -  (S  ,  cr  ,  X)  of  (unitary  left) 

^-modules  over  a  topological  space  X  ,  where  OL  =  (A  ,  a  ,  X) 
is  a  sheaf  of  rings  with  unity,  is  a  set  S  provided  with  an 


onto  map 


<r  :  S 


-»  X 


and  provided  with  two  structures: 
1.  Algebraic  structure 


-1, 


S.  :  For  each  x  €  X  the  set  a  (x)  =  S  is  a 
(unitary  left)  A  -module. 

2.  Topological  structure 

The  sheaf  space  S  is  a  topological  space  such  that: 

:  cr  is  a  local  homeomorphism  of  S  onto  X  . 

S  :  The  composition  laws  (addition,  multiplication  by 

3 

elements  of  A  )  of  the  stalks  are  continuous  on  S  . 

x' 
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Remark  1.5:  In  the  definition  of  a  sheaf,  the  base  space  is  not 
assumed  to  satisfy  any  separation  axioms. 

Remark  1.4:  Continuity  of  multiplication  by  elements  of  A  means 
that 

g  :  A  +  s  - »  s 

defined  by  g(a  ,  s)  =  a  •  s  is  continuous,  where  A  +  S  is  a 
subspace  of  A  x  S  consisting  of  (a  ,  s)  for  which  <x(a)  =  <r(s)  . 


Theorem  1.1:  If  CL  =  (A  ,  a  ,  X)  is  a  sheaf  of  rings  with  unity, 
then  d  is  a  sheaf  of  ^-modules.  (91*  (-)  ) 


Proof:  We  define  the  product  a  •  a’  with  a  ,  a*  €  A  as  the 
product  a* a'  in  A  . 


Remark  1,5:  Theorem  1.1  shows  that  sheaves  of  rings  with  unity, 
and  hence  sheaves  of  abelian  groups,  can  be  considered  as  special 
cases  of  sheaves  of  -modules. 


Proposition  1.4:  If  =  (S  ,  a  ,  X)  is  a  sheaf  of  ^-modules, 

then  the  stalks  have  the  discrete  topology.  (95*  (“)  ) 


Proof:  Since  c  is  a  local  homeomorphism,  then  the  induced 
topology  on  the  stalk  is  the  discrete  topology. 


Definition  l.U:  Let  d  =  (S  ,  o  ,  X)  be  a  sheaf  of  abelian  groups. 

The  zero  element  o  of  the  stalk  S  is  said  to  be  continuous  if 

x  x 
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f  S  x - »  s 

is  continuous,  where  f(x)  =  o  ,  x  €  X  .  (  9  ) 

X 

Theorem  1,2;  If  =  (S  ,  a  ,  X)  is  a  sheaf  of  abelian  groups,  then 
the  zero  element  of  the  stalk  is  continuous.  (  6  ,  (0)  ) 

Proof:  Let  x  €  X  and  G  be  an  open  set  such  that  f(x)  =  o  %  G 

X 

where 

f:  X  - >  S  . 

Then  there  is  an  open  set  G1  such  that  o  s  G.  cG  and 

JL  X  JL 

d|G1  is  a  homeomorphism  of  G^  onto  an  open  set  cr(G^)  . 

Since  0+0  =0  and  addition  is  continuous,  there  exist  open 

3C  X  X 

sets  H  ,  K  with  o  €  H  ,  o  e  K  such  that  H  +  K  c  G,  . 

x  x  1 

Let  LsG-  n  H  fl  K  .  Then  L  is  open,  o  €  L  and  <t|L  is  a 

JL  Xk 

homeomorphism  of  L  onto  open  cr( L)  .  Then  x  =  a(o  )e  <r(L) 

x> 

and  if  y  €  «r(L)  ,  there  exists  z  e  L  with  <j(z)  s  y  .  Then 

z  6  H  ,  z  €  K  and  hence  z  +  z  e  G^  .  But  z  €  G^  and  <t|G^  is 

1  -  1  ;  hence  z-.e  S  fl  G  ,  Since  z+zeS  flG,  <r(z+z)  =  y, 

y  "*  y 

cr(z)  a  y  ,  then  z  s  o^  ,  If  y  €  <j(l)  then  (cr| L)  *(y)  =  o^ 

so  that  f (o'(L) )  ss  L  ,  Thus  x  is  in  an  open  set  cr(L)  ,  with 
f(cr(L))  =  L  c  G  ,  Hence  f  is  continuous. 

Proposition  1.51  If  ^  =  (S  ,  cr  ,  X)  is  a  sheaf  of  abelian  groups, 

then  the  set  of  the  zero  elements  is  an  open  set.  (  9  >  (**)) 


3  < - X 
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Proof:  In  Theorem  1.2  we  proved  that  each  o  Is  contained  in 

an  open  set  which  consists  of  zero  elements  only  and  which  projects 
homeomorpliically  onto  an  open  set  of  X  . 


Definition  1.5*  Let  d  =  (S  ,  o*  ,  X)  be  a  sheaf  of  abelian  groups. 

The  inverse  element  -s  of  the  stalk  S  ,  \  is  said  to  be 

(T(s) 


continuous  if 


f  :  S  - »  S 

is  continuous,  where  f(s)  =  -s  ,  s  €  S  .  (6) 


Theorem  1.5:  If  =  (S  ,  cr  ,  X)  is  a  sheaf  of  abelian  groups 
then  the  inverse  element  of  the  stalk  is  continuous.  (  6  ,  (o)) 


Proof:  Let  s  €  S  and  G  be  an  open  set  such  that  f(s)  =  -s  e  G 
where 


f  :  S - »  S  . 


Then  there  exists  an  open  set  L  such  that  o^^  €  S  and 

consists  of  zero  elements  only.  Since  s  +  (-b)  b  o  #  t  and 

'  cr(  s  ) 


addition  is  continuous,  then  there  exist  open  sets 
s  €  H  ,  -s  €  K  and  H  +  K  c:  L  .  Hence  if  u  6  H 
<t(u)  b  <t(v)  ,  then  u  +  v  =  o^^  ,  that  is,  u  = 


H  ,  K  with 
,  v  €  K  and 
-v  .  We  may 


assume  that  <t|H  is  a  homeomorphism.  Let 

H1  =  (cr|H)_1  (cr(H)  fl  0"{K  fl  G))  . 


Then  s  G  and  since  <T  is  an  open,  continuous  mapping,  then 

is  open.  So  if  u  €  ,  there  exists  v  e  K  c:  G  with  a(u)  =  cr(v)  . 


. 

o  .ls«  •  >  >  >:  Hr*  lr!  -o. 
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,rr8idqi  v'TOtstno/i  ft  al  O  jft/f*  a-cus** 
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Then  v  =  -u  =  f(u)  .  Thus  is  an  open  set  and  f(H^)  c  G  . 

Hence  f  is  continuous. 

Corollary  1.5i  If  =  (S  ,  cr  ,  X)  is  a  sheaf  of  abelian  groups, 

then  subtraction  is  continuous;  i.e.,  f  3  S  +  S  - >  S  , 

where  f(s,s')=s-s'  ,  is  continuous. 


Definition  1.6>  Let  J  =  (S  ,  cr  ,  X)  be  a  sheaf  of  abelian  groups, 
let  Y  c  X  and  let  S  ]  Y  =  S  be  the  sheaf  space  with  the 

X£  X  X 

induced  topology.  The  sheaf  |Y  =  (S|Y  ,  cr  J  Y  ,  Y)  is  said  to 
be  restricted  sheaf  of  over  Y  .  (ll) 

Proposition  1.6:  If  =  (S  ,  a  ,  X)  is  a  sheaf  of  abelian  groups 

and  if  Y  cX  ,  then  restricted  sheaf  is  a  sheaf,  (11,  (-)  ) 


Proof:  Since  or  is  a  local  homeomorphism  of  S 


X  ,  then 


O’  is  a  local  homeonorphism  of  S  Y 


Y  .  For  each  x  €  Y  , 


S  | Y  is  an  abelian  group,  and  the  operations  are  continuous  on 

the  subspace. 

Definition  1.7!  A  protosheaf  =  (S  ,  <T  ,  X)  of  (2-modules  over 
a  topological  space  X  is  a  set  S  provided  with  an  onto  map 


O’  j  S 


+  X 


and  provided  with  one  structure: 


**t  rr-.  '»  t .  rH  ,  (i/)5  «  *  ar* 

o  •-  • 

t  .a,  j*  )*  rer-r  * .rotioa^id  .-•  -fu 
<:-o  :i3*;oc  ej  *  -  i  ■  ' 1  a  ,  a'1  s'ldv 

t'~qu Of;  /?*  )  5^  8  t  sd  {*  «  T>  ,  e;  s  O.  :i  1  •■!: .::aC 

:  :  ?-  5  -f  s<!  8  V-;'  --  j  35.  f  *  JC  -  \  5 

i  jX 

«  "■•  9  «  ’•  i  ?)  »  Y|(bi  •;  T  .^c'o  0}  bast;  nl 

(XX  )  jc  i5/.  -  •*  'jIi:  -  •  ' 

•  '£ 
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1.  Algebraic  structure 

•»  *1 

S1  j  For  each  x  €  X  the  set  <T  (x)  -  S  is  a  (unitary 

J.  X 

left)  A^-module.  (57) 

Proposition  1.7:  If  =  (S  ,  or  ,  X)  is  a  sheaf  of  ^-modules, 
then  there  exists  a  (unique)  protosheaf  gtf  of  ^  .  (95,  (+)) 

Proofs  Given  any  sheaf  of  ^-modules,  we  can  form  a  (unique) 
protosheaf  by  disregarding  the  topology  of  the  sheaf  space. 

2.  Sections  of  Sheaves 

The  study  of  sections  is  one  of  the  central  topics  in  the 
theory  of  sheaves,  of  which  the  problem  of  extension  is  the  most 
important. 

Definition  1.8s  A  section  of  a  sheaf  ^  m  (S  ,  cr  ,  X)  over  an 
open  set  Y  of  the  base  space  X  is  a  continuous  map 

f  :  Y  - >  S 

such  that  cr  •  f  =  l|Y  ,  where  1 1 Y  denotes  the.  identity  map  on 
the  set  Y  .  (ll) 

Theorem  1.1+ >  If  g$  -  (S  ,  c  ,  X)  is  a  sheaf  of  abelian  groups, 
then  x - »o  is  a  section  of  the  sheaf.  (  6  ,  (+)  ) 

Proof  1  We  show  that  x - >  o  is  a  section.  Let  x  £  X  be 

fixed.  Let  u  €  S  ,  U  ,  V  be  any  neighborhoods  of  o  and  let 

x 


'jIstc^XA  ,1 

■'  ^2  •  *)"  I)  3»*  »!.'i  X  3  z  doMt  i©H  «  3 

• . 

vT  )  ..  I  •  •  A  (*** 

I  la  o  fA3  .  x  (X  ,  “D  ,  S)  to 

s  ■'  f  ^  •'-  .*&  •i‘-  !0*o*q  (sxij  i  w)  >  a  i  . •  >  ,  -  •  t.fin  raff. 

“  '•  -  —  /XB-  V'  J  -  Ufl  v-;r  ;j*vi  • 

-  *c*  drJ  r.o  v  ■  >  v(  v.  f  ibi^-siaib  yd  5*drfa©Joif; 

<•,;  '  :_..•  •  ,  :  j 

*co  awfo  ei  >j  te  H  iwldoig  5^  toJfcrfr  So  io  K 

"  V  (X  t  "O  «  2  &  't^  t/fa  *  io  nol.i.^a  A  .i ,r^ar’ 

.> 

’ 5  <■“  «,iJ'  »w  -J,  UJ-.-  t  ?|j  *****  ,  T|f  .  j  .  „  » *,  rfM>, 

t 

!  (“  »  <!  )  •  '*  *1  *  *  3  >  noJ.js*  a  *1  0< _ _ 

*  ••  *  •*  , O « - *  jjidj  wod«!  »tf  iWji 

-»  b  ^  io  1  .  j.-'tod.-fsiMi  fn%  td  V  ,  0  ,  3  3  u  3»J  .bo*li 
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u  be  mapped  homeomorphically  by  a  onto  a  neighborhood  W  of  x 
(such  exists  by  definition).  Suppose  for  w  e  W  ,  u^  =  cr~1(w)  D  U 

and  v  ss  or  (w)  f I  V  .  Then  w - *u  +  v  is  a  section  over  W  , 

w  w  w 

equal  to  v  at  x  .  Thus  it  is  equal  to  w  - >  u  +  v  in  a 

w  w 

suitable  neighborhood  of  x  ,  which  implies  u^  =  o^  for  w  in 
the  neighborhood  of  x  . 

Remark  1.6s  The  section  x - *  o  defined  in  Theorem  1.4  is 

called  the  zero  section.  We  denote  the  set  of  all  sections  over 
an  open  set  U  of  the  base  space  X  by  r(U  ,  )  . 

Proposition  1.8s  If  f  is  a  section  of  the  sheaf  $  -  (S  ,  a  ,  X; 
of  abelian  groups,  then  f  is  an  open  map.  (11,  (-)  ) 

Proofs  This  is  proved  by  using  the  fact  that  f  is  continuous 
and  O'  is  a  local  homeomorphism. 

The  following  theorem  characterizes  the  sections  of  the  sheaf. 

Theorem  1.5!  Let  Jl  b  (S  ,  o’  ,  X)  be  a  sheaf  of  abelian  groups, 

A  set  G  cS  is  a  section  over  an  open  set  U  c  X  iff  G  is  open 
and  ct|G  is  a  homeomorphism.  C 99*  (")  ) 

Proofs  To  prove  the  sufficiency,  let  G  cz  S  be  open  and  O’(G)  =  U  . 
Since  <t|G  is  a  homeomorphism  and  G  is  open,  it  follows  U  is 

open.  Now  define  f  :  U - >G  by  <t(G)  (f(u))  =  u  for  each 

u  €  U  which  clearly  is  continuous.  To  prove  the  necessity,  let  f 


J  t  \  S  X  i  L  {  X  cf  «  ,  XX9  jfel'O 

■- 

,  \t  79VO  aoilo&e  a  el  v  +  - w  iwflf  r.  n  (tr)  *■©  •  tr  bru* 

i  t  :  7  -  ~  v  05  1#  .fa  t  ,  «t  :  iji." -j 

•;•  '  ■■  •'*>  '''  -Xi  V  -  i  .:  •  '  ..  v  ;0  .  4?  r.  '  (■>; '  4  *.».’) 

/ 

,  x  1o  oorno  /•  «  ooi 

«  .  1  r  s. -  ■  •  '  .  i'  :  •• 

9 *f  K  x  U;  r.  .  j  r  qo  a* 

1t  '*}  bI,  ir  :nli  9.  o  r-oj.'ia'a  l  «i  ;  ,J:9- ,31 ''  o‘£' 

.  0&.T7  :  -'■%  J  Jt  ,  .fli.  vor  ■:•  *:i  •  :» 

T  •  iC  :c  '  ■  S  L> 

. 

- 

♦  ■  '  >/?  J»  xfr 

i)  -•  j  •  -iixl  Vft  13  *  Vjq  U 

xJoi  si  v  owoaiiorf  »  cl  gj-o 

u  *  ((if ',2s)  (0)o  Yd  04 - j  1  <win*b  voH  ,n*qo 

Jal  fY3Jt*£3i;5.  Art!  9Voxq  oT  .ttuounlJaoo  el  iolfa  ll  3  u 
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be  *  section  over  U  .  Then  since  f  is  an  open  map,  f(U)  is 
open.  Since 

f  l  U - »f(U) 

is  1  -  1  ,  open  ftnd  continuous  ,  then 

cr  |  f  (U)  i  f(U)  — - »U 

is  a  homeomorphism. 

Corollftrv  1.5»  If  f  is  a  section  over  U  cX  ,  then  f  is  ft 
homeomorphism  of  U  onto  f(U)  .  (95,  (-)  ) 

Theorem  1.6:  If  d!  ■  (S  ,  a  ,  X)  is  ft  sheaf  of  abelian  groups, 
then  the  sections  of  the  sheftf  form  a  base  for  the  open  sets  of 
the  sheaf  space.  {99*  (")  ) 

Proofs  By  Corollary  1.5*  the  section  f  over  U  c  X  is  a 
homeomorphism  of  U  onto  f(U)  in  S.  By  Proposition  1.1,  the 
open  sets  of  S  which  project  homeomorphicaliy  onto  open  sets  of 
X  form  a  base  for  the  open  sets  of  X  . 

Proposition  1.9:  If  d!  s  (S  ,  c  ,  X)  is  a  sheai  of  abelian  groups, 
then  the  intersection  of  two  sections  of  the  sheaf  is  a  section. 

Proofs  Let  U _ >  f(U)  and  V - »g(V)  be  sections  over 

U  ,  V  c  X  .  Then 

f(u)  fl  g(V) 

is  open  and  projects  homeomorphicaliy  onto  an  open  set  of  X  ; 
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*  jo  o3/h  ylla n  qia^csmoi.  3o»toiq  xfc»J  -**jt  8  ‘  o  fe.'  a  aaqo 

.  ■  '  o  a  ns  •  i .  :»  t  »d  a  ;  .  2 
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uS/i  *  .  £  3  V  ,  ir 


(v)a  n  (ti)l 
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in  fact  cr(f(U)  PI  g(V))  «  or(f(U)  n  cr(g(V))  =  U  D  V  since  is  1-1 
on  f(u)  and  on  g(V)  and  so  a  =  (cr  ^  on  these  sets. 

Theorem  1.7:  If  d  =  (S  ,  cr  ,  X)  is  a  sheaf  of  abelian  groups, 
then  the  set  of  all  sections  of  over  a  non-empty  open  set  U  of 
X  forms  an  abelian  group.  (11,  (-)  ) 

Proof;  Define  f  +  g  by 

(f  +  g)  (x)  =  f(x)  +  g(x)  5 

so  that  F(U  ,  $  )  ,  the  collection  of  all  sections  over  U  ,  is 
a  set  with  structure.  Since  addition,  zero  and  inverse  are  continuous, 
the  set  r(U  ,  $  )  is  an  abelian  group. 

Proposition  1.1QS  Let  =  (S  ,  or  ,  X)  be  a  sheaf  of  abelian 
groups.  If  f  e  T(U  ,/)  ,  then  the  set 

[x  s  f(x)  =  ox} 

is  open  in  U  c  X  ,  (30  *  (")  ) 

Proof:  Since 

{x  ,  f(x)  =  o  )  =  <r(f(U)  n  c(U)  , 

where  o  is  the  zero  section  over  U  ,  then  it  follows  that  the 

set 

(x  :  f(x)  =  ox) 

is  open  in  U  . 


si  »o<?is  7  n  a  *  ((7>s)t  0  (U)l)u  ,  ((7)1  0  (U)l)a>  Js»S  ol 

o)  »  ■©  oe  box.  (V)$  no  bn*  (tl)l  no 


,r  Jt  ■  '  “  !3  ft 


n*l  »*»  io  Ji  wf«  *  (X  ,7,1!)-  W  21  a 
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.gio:\§  n*H»d*  /;*  »«nro  X 


a  *  5  •««•« 


i  (*)s  +  (*)i  *  (x)  (8  ♦  *) 
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011  ’r‘  *<  ,9f  !  »  •<»  (X  ,  7  ,  2  ■  'S.  3*,  :;.V.  ^SLlJisa^o. 
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(x)l  r  x) 
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Definition  1.9i  Let  ^  =  (S  ,  ct  ,  X)  be  a  sheaf  of  abelian  groups. 
The  set 

supp  f  ■  {x  :  f(x)  /  ox) 

is  said  to  be  the  support  of  the  section  f  ,  (11) 


Proposition  1,11:  If  m  (S  ,  or  ,  X) 
then  supports  of  sections  of  r(u  ,  ef  ) 


is  a  sheaf  of  abelian  groups, 
are  closed  in  U  .  (11  ,  (-)) 


Proof  t  Let  fer(U,x4).  Since 

supp  f  =  U  -  {x 


and 


{x  s  f (x)  =  ox) 

is  open  in  U  ,  then  supp  f  is  closed  in  U  . 


Corollary  l.llt  If  d  =  (S  ,  cr  ,  X) 
and  if  f  is  a  section  over  X  ,  then 
of  X  . 


is  a  sheaf  of  abelian  groups 
supp  f  is  a  closed  subset 


An  important  property  of  sections  of  sheaves  is  stated  in 
the  following  theorem. 

Theorem  1.8:  If  /  =  (S  ,  a  ,  X)  is  a  sheaf  of  abelian  groups 
and  if  f  ,  g  €  T(U  ,  sS  )  such  that 

f(x)  =  g(x) 

for  some  x  €  U  c  X  ,  then 

f  =  g 

on  some  open  neighborhood  of  x  .  (95>  (o)  ) 


•  sq  t»;  ■}•'  i  tc  i:  fa  s  ad  'X  .  *n  f  «  V 

1*0  \  (*)  *  *)  *  *  qqoa 

IP  ■  *>*  i’C  ?TC-  8  iC*  3  4  C..  ■  i*  '  i 


v 
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*5,0025 

{  •>  •  v*'  5  a  }  -  -  i  c  ■  j  ? 

baa 

i  'C  m  (x)'i  :  .::} 

:  ~aao  o  el  i  :;cjue  i  .«>;£*  ,  ajfc  naqo  el 

eqt)  ««  f»c  i  *io  fa  as.  (X  ,  u  «  3)  «  K  ii 

J-e  -*  >solo  a  *1  5  qqua  r.^.f  ,  X  ia"o  aolj^aa  »  *  i 

5  *-'■  i  '/*&  •.'«  tc.  I  -'..  ->  -  -  itc  k4  5  :iA 

.a  rca  .  <  . ;  woilol  f  ri: 

2  :  ?u6 

(x)s  *  (x)l  jj  t|l  I 

wsrfj  ,  Xd  I  s  x  mtop  to5 


.  x  5o  .i>oo/fTcd  gift**  nsqo  »nro«  no 


lb 


Proof:  This  is  a  re-statement  that 

supp  f  -  supp  g 

is  closed.  Or  let  W  be  a  neighborhood  of  f(x)  which  is 
mapped  homeomorphically  by  cr  onto  a  neighborhood  of  x  .  There 
is  a  neighborhood  V  of  x  such  that  f (7)  ,  g(V)  c  W  .  If 
y  €  V  ,  then 

f(y)  =  g(y) 

since  <r(f(y))  >  y  =  <r(g(y))  . 

Corollary  1,8:  If  =  (S  ,  o  ,  X) 
and  if  f,g€r(u,^),  then  the 
open  set. 

Theorem  l.Qt  If  jS  =  (S  ,  <r  ,  X)  is  a  sheaf  of  &  -modules  over 
a  compact  topological  space  X  and  if  Y  c  X  is  a  closed  subspace, 
then  a  section  of  the  induced  sheaf  |Y  extends  to  a  section  of 
the  sheaf  A  .  (  »  .  (-)) 

Proof:  Let  f  be  a  section  of  the  sheaf  e/  | Y  .  By  Tietze 
extension  theorem,  for  each  x  e  X  there  exists  an  open  set  G 
such  that  x  €  G  (since  a  section  of  a  sheaf  is  locally  the 
graph  of  a  continuous  map)  ,  and  there  exists 

t  €  r(G  >  jS  )  » 

set  of  all  sections  of  jgf  restricted  to  G  ,  such  that  t  and 


is  a  sheaf  of  abelian  groups 
{x  e  X  j  f{x)  as  g(x) }  is  an 


f  coincide  on  G  n  Y  .  Since  X  is  compact,  there  exists  a 
finite  open  covering 
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where  i  =  1  ,  n  with  t±e  ,  ±  )  .  Now  t±  and  f 

coincide  on  G^  0  Y  ,  Next  consider  a  set  of  functions  {g^ 
such  that 

supp  g±  c  Gi  . 

Then  we  define  a  section  f^  of  d  by  defining 


fi(x) 


rg1(x)*tjL(x)  for  x  €  Gt 
^  0  for  x  ^ 


So  that  jr- j-  f^  is  a  section  of  .  Hence  a  section  of  ^jY 

can  be  extended  to  a  section  of  d  . 


T, 

Remark  1.7:  A  sheaf  is  often  introduced  in  practice  as  the  union 
of  its  stalks.  Since  the  sections  form  a  base  for  the  open  sets 
of  the  sheaf  space,  the  topology  of  the  sheaf  space  is  then  defined 
by  specifying  the  sections.  In  the  applications  of  sheaves,  the 
stalks  are  not  chosed  arbitrarily  but  are  defined  in  some  natural 
way  in  terms  of  properties  of  the  base  space. 


A  sheaf  may  be  described  by  specifying  its  sections  in  the 
following  way.  Suppose  that  we  are  given  a  space  X  and  mutually 
disjoint  abelian  groups  S  (This  can  always  be  done  by  replacing 

X 

S  by  an  isomorphic  copy  of  S  . )  ,  one  for  each  x  €  X  .  Suppose 

X  X 


that  we  are  given  a  collection  F  =  {f}  of  maps  with  domain  open 


in  X  and  values  in  ^  »  that  is, 

XcA  X 


dom( f ) 


s 

xsX  "x 


such  that  if  x  €  dom(f)  then  f(x)  €  S  . 


Suppose  that 


.  'i*  i  r  „  i  f  '  v 


•  3  «  .  c  ’  5  0  r  .  Y  .0  9  J  : 
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•  cS  qqu* 
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Xr  c 


(1)  the  images  for  all  f  €  F  cover  V/  S  • 

(2)  if  f  ^(x)  ,  fg(x)  are  defined  then,  for  some  open  set  U 

with  x  e  U  c  domjf^)  n  dom(f  )  ,  (f^  +  f0)|U  €  F  . 

(3)  if  f(x)  =  o  then,  for  some  open  set  U  with  x  €  U  c  dom(f) 

*!*• 

f(U)  consists  of  zeros  only. 

Theorem  1.10*  If  S  =  with  (f(U)}  ,  for  all  f  €  F  and 

open  U  c  dom(f)  ,  as  base  for  the  open  sets  and  if 

cr{$)  =  x 

for  s  €  S  ,  then  g$  -  (S  ,  cr  ,  X)  is  a  sheaf.  (11,  (0)  ) 

X 

Proof*  Let  s  e  f (Hi)  fl  f^(U^)  and  let  x  ■  cr(s)  .  By  (l) 

there  exists  f with  f2(x)  =  -s  ,  By  (2)  there  exists  a 
neighborhood  V  of  x  with  (f  +  f^JjV  e  F  .  By  (3)  ,  since 
(f  +  t  )  (x)  s=  s  -  s  as  o  ,  there  is  a  smaller  neighborhood  V* 

X 

of  x  with  (f  +  f^)  (V*)  consisting  of  zeros.  Similarly 
there  is  a  neighborhood  V'  of  x  with  (f^  +  f^)  (V|)  consisting 
of  zeros.  Let  W  =  V'  n  V|  .  Then 

(f  +  fx  +  f2)|w  =  f|w  =  fjw  . 

Hence  f{Vl)  is  in  the  base,  aud  s  e.  f(W)  cr  f(U)  D  f.  (Un  )  . 

Therefore  the  axioms  for  a  base  are  satisfied. 


Then  f  :  U 


■>  S  is  continuous.  For  if  x  €  dom(f  ) 


••  II*  lol  ’  S3  '  ‘  (  ) 

<!0  *  ?or  1  ,  -  »  .  s  '  c;(  1  :  ($  ' 

1  jSt  aaqo  es  icS  tii  I  ^  ■  (x)i  21 

0  8  -s-  *: •:.  -)i.:  P,.  o  ( 7)2 


']  /*tw  ../•  V'  *  a  ...  aa&oa  .  [ 

.  •  .»  -  a  nauj  :  arH  r;oJ  . T 


,  t‘  *  a  ?•>.  (X  t  o 


(*>*  .  •  3251  ■! 

\r  rt9t  r  ,  8  9a  2 

z 


.  '  .)  c  »  x  r  >i  >r?9  (  ,C7;  r  !  (  )5  -  t  iC  :\:orf 

.1  ?  : a;-. r  a  -.  .  \  t  ,  ft..  '  xaw  fiS  «3*lx*  aiaij 

,  (C) 

boc.  lod  .  Jaa  -  /.«  i  >  >t  fxaif:  t  o  •  e 

Cl.  ii:  i2  .«  -  v  Sc  $  -ralexxoo  (')(,}  +  }  rfliv  x  1© 

J  l  -•  ;  >•  :>  b'  \.  &  |  >.  :axfl 


-i>a  «v2;id  arfa  m  1  'r;) 


.bai  IjBs  a^d 


to2  «.TToixa  sxfj  asolaTarfT 


.tticn/  iinoD  .Jt  8  ♦ 
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and  s  =  f(x)  ,  a  neighborhood  G  of  s  contains  a  neighborhood 
f^(U^)  .  Again  there  is  an  open  set  W  with  s  €  f(W)  =  f^(w) 

c:  f  (U^)  c  G  .  Hence  f  :  U  <■ - >  f(‘U)  is  a  homeoiaorphism,  since 

f  is  1  -  1  and  open.  Then  a|f(u)  is  the  inverse  honeomorphism, 
and  so  its  image  U  is  open.  Thus  <T  is  a  local  homeomorphism. 

Addition  is  continuous.  For  if  s  ,  s'  €  S  with  s  +  s'  e  f  (U^) 
suppose  s  s  f(U)  ,  s’  €  f^(U^)  .  By  (2)  there  is  a  neighborhood 
V  of  x  with  (f^  +  fg)|V  e  F  .  Then  s  +  s'  e  f0(U  )  n  (f  +  f ^ ) (V)  , 

and  hence  for  some  W  ,  with  x  €  W  c  U0  fl  V  ,  f^jW  =  (f  +  f^)|W  . 

Thus  if  u  e  f(W)  ,  v  s  f^(W)  and  cr(u)  =  <r(v)  ,  therefore 
f(u)  +  fx(v)  =  f2(v)  €  f2(U2)  . 


3.  Homomorphisms ,  Subsheaves  and  Quotient  Sheaves 

Definition  l.lOt  Let  Q  =  (A  ,  a  »  X)  be  a  sheaf  of  rings  with 
unity  and  */  =  (S  ,  cr  ,  X)  and  (R  =  (R  ,  p  ,  X)  be  sheaves  of 
a  -modules  over  the  same  base  space  X  .  A  sheaf  homomorphism 

h  t  R! - »  (R 


is  a  continuous  map 


such  that 


h  :  S  - *  R 


t  P'h  a  a  , 

H  ;  Restriction  h]S  =  h  :  S  - is  an 

2  1  x  x  x  x 

A  -home morphism  for  each  x  €  X  .  (11) 

DC 


b0od^rial9l  ,  ,  toe  :oc  (X)»..  b0. 


''*V  K'  R  Jr  (#  j3e  r;3qo  UM  nJt  #?-  f3  fliiisA  #  r  0;  i 


3 


1  «  »  •-  ' - c  :  „,,a  .  0=  ( -m  3 

B*Ia'nt‘  :  •»  (V)»>  «.»dt  al 


K-'0,:  H&-r ■»»■  *  ■:  ?  '  .  (  i  <„ 


~  *  -  «  w  *  ?c5  arf  bnm 


■&M.  ga-  i  Ls  rsS 

Jo  »v».»dc  «  (*.<!,»)  .55) 

*  *  *  *  *  *  S>oo  vJJa- 

•  ;  .  .  . 


r  '  H  j  *ajto  **'• 

•  »  d-  ,  , 


a  :  xrf  w  z8  d  aoJt*alWM*  j 
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Remark  1.8?  This  definition  includes  as  a  special  case  the  definition 
of  homomorphisms  of  sheaves  of  abelian  groups  and  sheaves  of  A -modules. 

Proposition  l.l2i  If  =  (s  ,  <T  ,  X)  and  (f(  .  (R  ,  p  ,  X)  are 

sheaves  of  CL  -modules  and  if  h  is  a  sheaf  homomorphism 

h  t  f$ - *  0L 

then  the  image  of  each  section  is  a  section.  (30,  (-)  ) 

Proof  $  If  f  1  U - >  S  is  a  section,  then 

hf  :  U - >  R  , 

the  image  of  the  section  f  defined  by  (hf)  (x)  =  h(f(x))  ,  is 
continuous  and  p(hf)  (x)  =  ph(f(x))  =  crf(x)  since  h  is  a  sheaf 
homomorphism  so  that  p [hf )  (x)  =  x  since  f  ?  TjU  ,  )  , 

Therefore  p(hf)  *=  l|U  . 

Proposition  1.15»  If  d  «  (S  ,  a  ,  X)  and  (K.  =  (R  ,  p  ,  X)  are 

sheaves  of  ^-modules,  then  a  sheaf  homomorphism 

h  :  $ - ^  (R. 

is  an  open  map  and  a  local  homeomorphism  of  the  topological  spaces 
S  and  R  .  (99,  (-)  ) 

Proof;  h  is  an  open  map.  For  if  G  cS  is  an  open  set  then  h(G) 
is  a  union  of  sections  of  R  .  Hence  h  is  an  open  map.  h  is  a 
local  homeomorphism.  For  each  element  of  S  is  contained  in  some 
section  f(U)  ,  U  c  X  „  So  hf(U)  is  a  section  in  R  and 

hjf(U)  =  lifer j  f  (r)  . 


t  ’  .  i'  ~  Y  \  .  >*.  •  .  .  r  1-,  i iji  i;  T  '  | : ...  T 

p  Xii.v0®-4  t  f  o  ::  »  4  2o  WAdrfa  o  emairfq  oaioar  I  5o 

*-»J  .';Vioc.u>ion  *  ?  a  el  if  3  rti>*  salt. bo«.  ’£.  V-  «sv  .arf* 

^  ^  ,  rf 

•  *'  .«  .1 1  rr  ;.+ode  ^  >J  -  iw>  s  •  -  a  ■*  n*rfj 

s  4 - r  ,  i  31 

-  :  *.  - 

4  **  «  <  *:•  (  )  ;>..)  (•  !>;  .  .»  ,  -K. i’  .1-  ,,o 

*  (  ■  ~  1  a  '  *  x'  (  ,  Q  t*n:t  o»  atelf  ;  TOoarorf 

f  '•■  axi.. 

(*  «  '  "  '  5  «  <  W  *  ifc»  *  «£  ^  ;'  0).  Jl;  VaC. 

V  •  *  •  *  *  v,  to  aa' 

>.  « - ;  ,  : 

2  ,;  *  ‘  t-'x.'. ;  :o  sul^vxct  uo4f  r»*v|  ^  ^  irK>  «  fti 

x’*)  «£C') 

*r'  ’  •  *!  •  3z>  i±  #q*c  5,;c  .  ,  .30,  t? 

71  a  .  f  tirol 3  j»  •/.;  a  :  t 

h  o  a  3  Tii*  .  c  a  f.i  *  ?o'  .j  .eir  ••_• .  ■ .  r-v  f  U^ol 
bra  S  *1  roUoa*  a  **  (U}*/<  03  .  X  3  U  t(S)*  nol3oae 
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Hence  each  of  the  maps 


■»  U 


end 


h£  :  U - ►  hf(U) 


is  a  homeomorphism. 


Theorem  l.llt  If  p/  «  (S  ,  o’  ,  X)  end  m  (R  ,  p  ,  X)  ere  sheeves 
of  Q -modules  end  if  £  ,  g  ere  sheef  homomorphisms  of  9%  to  @  , 
then  the  niAps,  u  e  S  ,  a  s  A  , 


f  +  g  l  S - HR  end  Af  i  S - *R  , 


defined  by  (f  +  g)u  ■  f^  +  gu  end  (a£)^  *»  a£y  respectively.  Are 

sheef  homomorphisms  end  the  set  of  ell  sheAf  homomorphisms  under  this 
Addition  end  ring  multiplication  is  a  module,  (91,  (-)) 

Proof 1  Let  h  a  f  +  g  ,  Then  h  setisfies  the  commutAtivity 

cr  a  p*h  .  Since  Addition  of  two  continuous  meps  is  continuous,  then 

c r  -  P*(f  +  g)  =  P*h  , 

Now  h  is  a  module  homomorphism.  For  if  u  ,  v  £  S  then 

X 


(f  +  g)^u+v)  ~  +  ^(u+v)  s  fu  +  *v  gu 

55  fU  +  gU  +  fV  +  Sy  55  (f  +  8)u  +  (f  +  s)v 


And  if  a  €  A 


X 


is  clear  that  f  +  g  =  g  +  f  for 


If 


f  ,  g  ,  k  €  Hom(  J  ,  d  )  ,  then  ((f  4  §)+k)u  =  fu  +  gu  +  ku  =  +  k))u  * 


♦«a  \ no  tcr-nmod  t 


...  ( t  ,  n  ,  a)  „  9>  b,.  (*  ,  „  ,  >)  .  x  ii  u.j 

-  .’V  to  <■  ,i.  ,  II  ,  J-,  .?»  »,r»  1  ,  )  1i  £.«». 


.  S* — 8  . 


2  I  g  +  i 


;*  J-  *.t  H  « 


«.  ,  ta  -  <1.)  bn*  8  ♦  i  .  (,  +  1)  ^  s.f  n.b 

*llfJ  ’•**»  *  »*•  1' -•“»«»  1  ■»  io  »•  *At  i  n.  JW* 

♦  •  •*  rtoi.iv  •  ;  ^i-r  btj*  noli  lib* 


"  1  f,‘  3  '  '•  •*•  A  mlt  ,m..  ?*.;  ,5,52 1 


,fc:>  »*  'V*  :J»W  OVS  5to  UC  Jihh»  8  .  ■  .q  ,  0 


•  * 0  -  <*  ♦  1).,  .  „ 


.  ■  o*  ♦  v*  *•  J  *  (v.  ;  ;  +  'v.**5  »  (,«  V1 1  •  s) 


tJ  ■;  Jl  2  v;c-  ' 


>  “  V»  +  sr*  +  ^  *■ 


/  9  •  **  ‘  •» 


J  ’0H  -:v  ■-  ^*xA  *«'f  <&  A-)mB  ..rfavnf.  ,-• 

1  .  -»  .  =  }.=cH  ?  1  ,  *  i  ♦  8  -  S  *  3  MrfJ  m.Io  .1 


There  is  a  zero  element.  For  if  f  is  the  constant  map  of  value 

o 

0  of  jzf  and  $  ,  then  f  +  fQ  =»  f  +  f  for  f  €  Hom(  4,  (?) . 

If  f  €  Hom(  j  ,  $  )  then  the  map 

f”  5  u  - ^  -f 

u 

is  a  module  homomorphism,  as  can  be  verified.  Since 

f+f*  =f9+f-f  ,  then  Hom(  4,  Q)  is  an  (additive)  abelian 

o 

group.  So  that  for  a  ,  a!  ,  a"  e  A  and  f  ,  g  e  Hom(  4,4) . 

XL 

(&(f  +  &)5u  «  (af  +  ag)^  =  afu  +  ag  ^ 

(*'  +  *")£u  =  ((*'  +  *")f)u  =  (*?*  +  *"Ou  =  *,fu  +  *,,fu 


f 

u 


This  shows  that  Eom(  K)  has  a  structure  of  an  A  -module. 

X 

Definition  1.11:  Let  ^  =  (S  ,  c  ,  X)  be  a  sheaf  of  Q -modules 


and  S'  cS  , 

4' 

=  (s’  ,  tr|S '  , 

X) 

is  said  to 

be.  a  subsheaf  of  the 

sheaf  =  (S 

»  O' 

,  X)  if 

ss1  , 

S5 

is  an  open  set 

in 

S  . 

SS„  , 

The 

stalk  S'  =  S* 

n  s 

is  a  sub* 

-A  -module  of  S  . 

2 

X 

X 

x  x 

Proposition  1. 

lh: 

if  4'  =  (s*  » 

or' 

,  X)  and  | 

i  =  (S  ,  ct  ,  X)  are 

two  sheaves  of  -modules  with  S'  c  S  ,  then  the  inclusion  map 

i  *  S’  - »  S 


is  a  sheaf  homomorphism. 


J  *v  io  cifir  »•  *  *  *  j.  ,..-* 


•  a  .V  )sol  »  J  ,o»  J  *  oW  »  +  i  ««ft  ,  *  6m  \  j.  o 

•- 

«*»  «*  (ftA)»H)l  JI 


1- 


'  '  -  •  *•!'/  9d  i~«o  11  qT0  M  :.:  iXul  o  «  «* 


'  *  /  v«  ®  * 

-« •>  !  ■ 


“  (*'  lsm*'  *  sl  <  $  .  V  }.»CH  m*  ,  ,  +  J 


•  v  i  «  «  •toH  3  ■)  5  a  A  "•  » 

x  A  «  *  *  *  lol  3«|f3 


+  ,]  JH  ».  v  y,  „  J(.,  .  y 


»i;  ,'*)  vB(r,,‘5:  -  („<5".>)-.  ,  (  ty. 


Srfl  ’In  «  m  -  J  .  .  . 


S  b/ti 


^  '  (x  .  >  ,  8)  .  V  39rie 


*  ’  *  ‘  * '*  L‘  *  (X  ,  ‘-0  ,  -a)  ,  '%  M 


•-•«i-Sati_££<u.l3 


.«»irfqioa7caod  i®*rfa  *  ei 
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Proof i  Since  i  j  S'  - >  S  is  a.  continuous  map  and 

o*®  =  cj  •  i  —  cr  j  s  1 

and 


i  S’  :  S' 

1  x  x 


-»  S 


x 


is  the  inclusion  homomorphism  of  the  sub-A  -module  S’  ,  it  follows 

X  X 


that  i  is  a  sheaf  homomorphism. 


Theorem  1.12:  If  gf  =  (S  ,  o*  ,  X)  is  a  sheaf  of  $ -modules,  then 
the  set  of  zeros  in  /  is  a  subsheaf.  {30,  (-)  ) 

Proof#  The  set  of  zeros  (o  )  is  an  open  set  in  S  ,  and  o 

^  x 

is  a  sub-A  -module  of  S  .  Hence  by  Definition  1.11,  the  set  of 
xx  ’ 

all  zeros  is  a  subsheaf. 

Remark  l.Qs  The  subsheaf  consisting  of  all  the  zeros  of  the  sheaf 
is  called  the  zero  sheaf,  and  is  denoted  by  O-sheaf. 

Theorem  l.l^i  If  '  ■  (S'  ,  a’  ,  X)  and  jzf  s  (S  ,  cr  ,  X)  are  two 
sheaves  of  0  -modules  with  S'  c  S  ,  then  there  is  at  most  one 
structure  on  S'  such  that  52?'  is  a  subsheaf.  (95,  ( - )  ) 

Proofs  We  show  the  existence  of  a  subsheaf.  For  each  s  €  S’  there 
exists  an  open  set  G  ,  s  £  G  cS1  ,  with  cr  j  G  a  homeomorphism. 
Then  G  fl  S'  is  open  in  S 11  and 

(£t|s')|g  ns®  .  a\G  n  s' 

is  a  local  homeomorphism.  By  Proposition  I 4 14,  the  inclusion  map 

i  :  S'  - >  S 


<•  ii-  fj  it,  t  r'  ' 

’.J  -.  O  ’  >  i  si  (X  «  T>  t  2)  \j  ii  1  . ,1...  ,  •  7;  £ 

x°  k*w  .  ;  ■«  i*e  n*  »«  o)  «o*»  io  is!  »/T 

>o  ;  >5  a.  ?  ,1  .1  oir;,il5«<I  ?d  eoj  ,  o  9  1 ;ksm-  A*  dir*  a 

a 

,3  erfssds  a  el  fio^AS  Ha 

'*>*  -  *  j  -  *  ;  v  .  I.  *  70  •icltc,:  3  n^i  l£*iJfe«4i.^ 

-0  d  b-J3.  ->fc  Al  t  I  ,iAr  Jfi  C  AS  .5lf*  hdliAt  el 

*;™  (>-,».  8)  »\  bn*  (x  ,  ‘T>  ,  *a)  -  u  MKrir 

7rto  iiom  J  el  s  di  ,  Jo  *2  o':  v  ft  *0  g»v**  fa 

V  -  J  :  2: 

.‘•*9  d*  0  ',’;o  *31  ■  ft;  3  t.  e.  sV  ;  -I 

6  r»  1  ,  t  40  t  '  ?  n  0  >rfT 

»2  n  ^|t>  «  ‘2  n  o|('8|t)) 

qAfi  n c  :  :  ;- J.-U  sc1  f  •  .  '•rttliecqo'rtf  .inalrfqxoCTCftfliorf  Ia^vX  a  »2 
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is  a  sheaf  homomorphism.  Then  S'  is  an  open  subset  of  S  since  i 
is  an  open  map.  Further  the  topology  on  S ’  is  the  one  induced  from 
S  .  Then 

cr®  =  cr-i  =  <r|  S ' 

and  since 


i|S*  :  S' 

1  x  x 


S 


is  a  homomorphism.  S'  is  a  sub-A  -module  of  S  .  Now  the 

X  X  X 

operations  which  are  continuous  in  S  are  continuous  in  the 
subspace  S’  .  Therefore  '  =  (S  ’  ,  <t’  |  S  ’  ,  X)  is  a  sheaf. 


Theorem  l.lU *  If  p/ ’  =  (S  ’  ,  cr’  ,  X)  is  a  subsheaf  of  {/=  (s  ,  <r  ,  X) 
of  ^-modules,  then  J « =  J/I' 

is  a  sheaf  of  $ -modules.  (95»  (6)  ) 


Proof*  Form  a  protosheaf  S/S  ’  with  projection  or"  *  (S/S '  >  S^/S^ 


that  is  define 

(§/S '  )x  =  x  . 


Define  a  homomorphism 

h  :  S  - >  S/S' 

be  letting  h|S  be  the  natural  map 

X 


h|Sx  «  - »  Sx/Sx 

Let  S/S*  be  the  protosheaf  S/S'  together  with  the  identification 
topology  given  be  h  .  The  following  diagram  is  commutative. 


x  >  a  1  1 

;  *  ■  . 

3  ni «  l>/ifc 

2  *- - ’8  :  1  8 ;  1 

x  * 

*f  '•  r  •'•  t»  ■  •  l  -  -  i  J  w_  .  f  ;  ■  •  •; 


•'  U  '  j  ■  '  ...  ...  . 

\\V  * "  l»  t  2  o 

d}  ,5.  . Sil  i-1  :  >1-  •:  A  * 


>\  .8  4~  s  '  ^  •  ro.iioa^crc  J’  «?  5r..*  '«  iio-  7  jt  r-.  -  v  i^ooT? 


*/rj>»b  si  ^rfl 


•£\3  * 


m  •:,  o  v.  b 

fc  i  rf 


niJ Jal  ©d 


.©Vl^ajfi.'fiBK.O  i  !Daxa*l  >  ;r.\\  -[Icl*,..  .  ff  £rj  /J*vi8  v;oXoqO, 
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Let  y  €  S/S*  ,  h(z)  »  y  and  <t(z)  =  x  .  Let  U  be  s  neighborhood 
of  z  which  is  mapped  homeomorphically  by  c r  onto  a  neighborhood 

V  of  x  •  Since  h  is  an  open  map,  then  h(U)  is  a  neighborhood 
of  y  .  But  h|U  is  1-1  for  no  two  elements  of  U  belong  to 
the  same  stalk,  and  so  h|U  is  a  homeomorphism.  Therefore 

cr"  :  h(u)  - V  V 

is  a  homeomorphismj  that  is,  cr"  maps  h{U)  homeomorphically  onto 

V  ,  a  neighborhood  of  x  . 


To  prove  that  addition  and  multiplication  by  a  €  A  in 

DC 

S/IS*  are  continuous,  we  need  only  consider  the  following  commutative 
diagrams  in  which  h  and  h  +  h  are  sheaf  epimorphisms,  and  so  are 

identification  maps.  (For  any  spaces  Y  ,  Z  a  map  Y - *  Z 

which  is  a  continuous,  open  onto  map  is  an  identification  map.) 


S/S'  +  S/S’ 
h  +  h 

<  * 

S  +  S  — 


i 


h 


h 


* 

S 


♦ 
>  s 


Proposition  1.15;  If  /  ’  =  (S'  ,  cr'  ,  X)  and  =  (R5  ,  p'  ,  X) 

are  subsheaves  of  gf  =  (S  ,  rr  ,  X)  and  ft  =  (R  ,  p  ,  X)  ,  respect¬ 
ively,  such  that  h(S’)  c  R'  ,  where  h  ,  then  there 

are  induced  homomorphisms 
and  h'  t  J' - * 

h”  ,  Ml' - > 

with  hi  s=  ih’ 


and 


h"j  =  jh 


oorfiod/ic  r  '  ‘  sd  •  i  .  x  (.*)*£  £>;:*  r  «  (s,  f  '8^8  ?  x  r»J 

o  rr  '•■'  y;ej  "  f*  y  fc»-  J:  Mv-. J*-*  s  lo 

< 

hcor  >0’-  >rr  a  el  .  {  /-a  -  ,ir#ai  rrsqo  m,  el  ;i  sc  ."rl  3  •  :  1c  V 

‘lucisd  *o  £i...  '  '1  ;  tc}  t  -  I  el  U  sf  3.3  #  v  lo 

V  « -  <>  f  1  ’’TJ 

•  *  •;'  •■■r:  or<  •  (b;f  •  '•  i  i:.  ,  \  i :  -oar  ,•  a  e* 

c  booffiodrf^lAA  a  ,  \ 


'  *  yd  t  j!  i  •,  .  v  /.ft  IV.  .-  »*d  -VO-  ■  o? 


3  isb;  *croo  ^Xac  bsa*  >w  te  .:j;;13;.00  »ia 

oa  t  in  a  cp  Ias  r  S  i  a  r  t  i  ff  >  .  v  nl  eniAif  :l 
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where  i  denotes  the  inclusion  homomorphism  end  J  denotes  the 
natural  homomorphism  of  a  sheaf  onto  a  quotient  sheaf. 

Proof:  The  result  is  clear  for  stalks,  and  the  fact  that  h',  h5' 
are  homomorphisms  of  sheaves  follows  from  the  fact  that  they  are 
continuous. 

4.  Exact  Sequence  of  Sheaves 

Definition  1,12:  Let  /  =  (S  ,  (T  ,  X)  and  p  =  (R  ,  p  ,  X)  be  any 
sheaves.  A  homomorphism 


h  :  / - >  @ 


is  said  to  be  a  monomorphism  if 


ker  h  =  0 


an  epimorphism  if 


im  h  =  R 


and  an  isomorphism  if 


ker  h  =  0  and  :lmh  =  R  .  (91) 


Remark  1.10:  The  quotient  sheaves  R/im  h  and  S/kev  h  are  called 
the  cokernel  of  h  and  the  coimage  of  h  respectively. 

Definition  1.15:  A  sequence  of  homomorphisms  of  sheaves 


if 


ker  h 


n+1 


im  h 


n 


A  sequence  is  said  to  be  an  exact  sequence  if  it  is  exact 


at  each 


i  • f'  •*  '  jn.J  ••Sorsfc  J  -  3  V 
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■ 
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Proposition  1,1.6:  If 


is  a  homomorphism  of  sheaves,  then  the  sequence 

0  - ker  h  - - — >  $  - — - >  im  h  - >  0 

is  exact,  where  i  is  the  inclusion  homomorphism  and  h'  is  defined 
by 


for  each  u 


h' (u)  b  h(u) 


in  the  sheaf  space  of 


Proof;  The  statement  is  the  composite  of  the  following  three  trivial 
statements: 

(a)  i  j  ker  h  - is  a  monomorphism. 

(b)  ker  h*  a  ker  h  . 

(c)  h*  $  d  - >  im  h  is  an  epimorphism. 


Theorem  1.15«  If  =  (S  ,  o’  ,  X)  and  $  =  (R  ,  p  ,  X)  are  sheaves 
and  h  is  a  sheaf  homomorphism 

h  :  yf - *  Q 

then  the  image  of  h  and  the  kernel  of  h  are  sheaves.  (91,  (-)  ) 


Proof:  Let 


ker  h  b  (u  €  S  :  h  (u)  =0  .  u  £  S  } 

V  V  w  <ai>  V  <j»  ✓ 

which  is  the  subset  of  S  mapped  into  the  neutral  elements  of  R  . 
The  ker  h  is  an  open  set.  For  the  set  of  neutral  elements  of  R 
is  the  image  of  the  zero  section  of  R  over  X  ,  and  this  is  an 
open  set  in  R  .  Since  h  is  continuous,  then  the  preimage  of  the 
set  of  neutral  elements  of  R  is  open  in  S  . 


*<n  tl  'ri 
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Now 


ker  h  fl  S 


is  the  kernel  of  the  homomorphism  h|S  ,  and  thus  is  a  substructure 

X 

of  S  .  Therefore  ker  h  is  a  subsheaf  of  . 
x> 


Now  we  show  that  the  image  of  h  ,  denoted  im  h  ,  is  a 


sheaf.  That  im  h  is  open  follows  from  the  continuity  of  h  , 
the  commutativity  of  h  and  the  projection  map,  that  is, 

ph  =  d  , 

and  the  fact  that  c  and  p  are  local  homeomorphisms .  As  before 

im  h  fl  R 

x 

is  a  substructure  of  R  •  So  that  im  h  is  a  subsheaf  of  the 

x 

sheaf  (R  . 

Corollary  1.15?  If  jz/  =  (S  ,  cr  ,  X)  and  ((?=(&,*,  ,  X)  are 
sheaves  and  if 


h  : 


then  the  cokernel  and  the  co image  are  sheaves 


Proof;  The  quotient  sheaves 


R/ im  h 


and 


are  the  cokernel  and  coimage  of  h  ,  respectively. 


*2 


vo  K 
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Definition  l.Hi;  Let  ft  -  (A  ,  a  ,  X 
unity  and  let 

Wi«i 

be  a  system  of  sheaves  of  Q  -modules, 
sheaf  whose  stalks  are  the  direct  sums 

UL  S1 

iel  x 


be  a  sheaf  of  rings  with 


-«t  $ 


Let  0  be  the  unique 


such  that  the  homomorphisms 


h^  :  5^ 
x  x 


determine  a  sheaf  homomorphism 

hJ  : 

The  sheaf  is  said  to  be  the  direct  sum  of  the  sheaves 

and  is  denoted 


4 


* 


$  =  .  oi) 


Theorem  1 .16*  If 


{V1} 


is  I 


is  a  system  of  sheaves  of  (X  -modules,  then  there  is  a  unique 

sheaf  yb  whose  stalks  are  the  direct  sums  i  S1  such  that 

isi  x 


the  homomorphisms 

hr  :  SJ 
'  x  x 

determine  a  sheaf  homomorphism 


S 


x 


hi ,  p 


»  /  •  (91,  (0)  ) 
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Proof i  We  prove  the  uniqueness.  If 


s  „  J_L  ,i  e  J_L  si 

isl  isl  X  * 


with  s  =0  except  for  i.,  ,  ...  ,  i^  ,  choose  a  neighborhood  U 


of  x  and  sections 


fj  *  u 


S1j 


where  j  =  1  ,....,  k  such  that  f^{x)  =  s*^  .  Let 


f  :  U 


S 


where  S  =  ^  S*  b«  defined  by 


f(y) 


-Li-  hijf ^ (y)  . 


Since  h*j  is  a  sheaf  homomorphism,  the  composite  function 


U 


^ ^  Sl3 


h^j 


->  S 


is  a  section  and  hence  f  is  a  section.  Since 

f(x)  =  -Lji  hijf^.(x)  =  iL  hijsij  ss  iL  s*  =  s  , 

the  section  passes  through  s  .  Thus,  since  such  sections  cover 
S  ,  they  uniquely  determine  the  topology  of  S  , 


Now  we  prove  the  existence.  Form  the  presheaves  of 

sections 

(  ft  *  $  ^  =  ^  *  S  J  *  PW  * 

where  A^,  s  r(U  ,  (X  )  and  S*  =  T(u  ,  •  Then 

*  ^7^  SU  *  PW  *  pViP  * 

where  U  runs  thru  the  directed  set  of  all  the  open  sets  of  X 
is  a  presheaf.  This  presheaf  determines  a  sheaf  {  CL  ,  $  )  . 


9 
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So  there  is  *  homomorphism 


\  *  SU 


■>  i— i  s* 

i  U 


with  commutativity  in 


» 

*  su^  — ^ (Ij  '  V' 


(pVU  * 


(\r  *  tf) 


J 


vu  *  pvu 


"  (\  »  i*-  SJ) 


Hence  there  is  an  induced  sheaf  homomorphism 

h^  :  . 

The  stalk  (A  ,  S  )  of  (  d  9  tf  )  is  the  direct  limit  of  the  direct 

X*  X 


-1 — L  .  n'  .  n  1  which  is  identified  with  the 


system  {A^  »  ^  ^tj  »  Pyy  »  Pyy} 


X£U 


direct  sum  of  the  direct  limits 


^Ax  *  Sx>  =  ^\7  ’  SU  *  p' .  *  PVU^XSU  * 


Thus 


x 


.11  s1 

i  x 


Hence  the  required  sheaf  exists. 


I  I 

Remark  1.11:  There  is  also  a  homomorphism  t^.  :  S 

. .  ■-"■■■■■■■■»—.  b  X 

defined  by  t^(  -M*  s*)  =  s^  ,  with  commutativity  in 

Lf  X 


i 

U 


(A. 


V 


J — L  s1) 

i  u' 
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(AU  *  siP 
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V  '  J  v  w 
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Hence  there  is  a  sheaf  homomorphism  s  $ - »  $/-*  which  is 

onto.  If  s  =  s1  €  S  ,  then  t^(s)  =  ,  so  t^h^(s^)  = 

0  4  • 

and  t'*h1(s^)  =  0  if  i  ^  j  . 

Propos  it  ion  1,17;  If  =  (S  ,  cr  ,  X)  and  ft  =  (R  ,  p  ,  X)  are 
sheaves  and  if  h^  are  the  homomorphism 

h"  «  5/1  - »  £  =  4ix  ^  1 

and  are  the  homomorphisms 

gi  :  JZ?1 - >  (R  » 

then  there  is  an  induced  homomorphism 

g  .  J_L  4 1 _ 

g  *  it  I 

with 

gh1  »  gt  .  (91»  (")  ) 


Proofs  If 


s 


a  J_i  S1  €  S 


let 


g(s)  ~  8.|( fii)  s  Rx  « 


Then 


glSx  S  Sx 


■>  R 


x 


is  clearly  a  homomorphism.  Choose  an  open  set  U 


V  u 


-*■  s1! 


so  that  the  section  defined  by 


hijf(y) 

gf(y)  =  gt  fj(y) 


and  sections 


goes  thru  s  •  Then 
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and  gf  being  the  sum  of  a  finite  number  of  sections  is  a  section. 
Thus  g  is  continuous  and  is  a  sheaf  homomorphism. 


Definition  1.15:  Let  Q.  =  (A  ,  a  ,  X)  and  (£>  =  (B  ,  0  ,  X)  be 
sheaves  of  commutative  rings  with  unity,  let  (j?=  (R  ,  p  ,  X)  and 
=  (S  ,  (7  ,  X)  be  sheaves  of  Q. -modules  and  let  J  ■  (T  ,  t  ,  X) 
be  a  sheaf  of  $ -modules.  A  bihomomorphism 

f  J  (  Q  ,  (R  »  $  )  - >  (  (3 , 0  ) 

consists  of  maps 


and 


f5  i  A  - ►  B 


f"  :  R  +  S  - >  T 

which  commutes  with  projections  such  that,  for  each  x  €  X  ,  the 
restriction 

fx  1  (Ax  >  Rx  •  Sx) - *  (BX  ’  Tx> 

is  a  bihomomorphism,  ( 1 1 ) 


Definition  1,16:  Let  Q.  =  (A  ,  a  ,  X)  be  a  sheaf  of  commutative 
rings  with  unity.  Let  «  (R  ,  p  ,  X)  and  0?  =  (S  ,  o  ,  X)  be 
sheaves  of  (X  -modules.  The  sheaf  d?  =  (Q  ,  cp  ,  X)  of  Q,  -modules 
together  with  a  bihomomorphism 

q  *  (  (f?  »  $  )  *  @  > 

with  im  q  generating  Q  for  each  x  such  that,  if 
x  x 

f  ,  (a,  R ,  A)  — (  0  ,^  ) 

is  a  bihomomorphism,  there  is  a  unique  homomorphism 

f  s  (a,  (2) — ) 


.aoiJM*  *  «J:  axrclJoss  *o  rodw:  sHot*  *  U  a j*  iife  j/tfac  *tH  bu* 
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with  fq  =  f  ,  is  said  to  be  the  tensor  product 

of  the  sheaves  (/?  and  &  over  Q.  and  is  unique  upto  isomorphism.  (ll) 


Remark  1.12:  Similarly,  each  Q  together  with  a  homomorphism 

X 


q  :  (R  ,  s  ) 

X  '  X  *  x' 


Q. 


is  the  tensor  product 


R  ft.  S 
x  A  x 
x 


of  the  stalks  R  and  S 

x  x 


Theorem  1,17:  If  (X  =  (A  ,  X)  is  a  sheaf  of  commutative  rings  with 

unity,  and  (fi  =  (R  ,  p  ,  X)  and  j£  -  (S  ,  cr  ,  X)  are  sheaves  of 
Q>  -modules,  then  there  exists  a  sheaf  $  of  Oi  -modules  and  a 


homomorphism 


q  i  ( (R  .  /  ) 


c2 


with  im  q  generating  Q  for  each  x  such  that,  if 

X  X 

f  :  (  &»  {2  >  $  )  - »  ( (8  >  J  ) 

is  a  bihomomorphism,  where  (2  =  (B  ,  |3  ,  X)  is  a  sheaf  of  commutative 
rings  with  unity  and  0  -  (T  ,  r  ,  X)  is  a  sheaf  of  6  -modules,  then 


there  is  a  unique  homomorphism 

f .  (a .£) 


+  (<B  .  0  ) 


with 


fq  =  f  .  (11,  (-)  ) 


Proof;  The  proof  is  not  given. 
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Chapter  2  Presheaves  over  a  Topological  Space 

1.  Definition  of  a  Presheaf 

A  sheaf  may  be  considered  as  a  special  case  of  the  more 
general  notion  of  a  presheaf. 


Definition  2.17:  A  presheaf  (r  =  fA_„  ,  SrT  ,  p.„T}  over  a  topological 

U  U  V  U 

space  X  is  a  collection  of  0.  -modules 

[Ay  >  su) 

indexed  by  the  open  sets  U  c  X  such  that  if  V  c  U  there  exists  a 
homomorphism 

PVU  :  ^AU  *  StP  ^  *  SV^ 


with  the  following  properties* 

P1  !  ^  =  (0  ,  0)  ,  where  ft  is  the  empty  set. 

P~  : 


pyu  is  the  identity. 


P^  *  If  W  c  V  c  U  then  pwu  =  PwyPvu  •  (5*0 


Remark  2.15:  For  any  topological  space  the  open  sets  form  a  directed 
set,  so  the  definition  of  a  presheaf  may  be  stated  as  follows*  A 
presheaf  of  a  -modules  over  a  topological  space  X  is  a  direct 
system 

[Ay  >  Su  »  Pyy} 

indexed  by  the  directed  set  of  open  sets  of  X  such  that 

’  V =  (0  * 0)  • 


no  2  jo  >•  c?  *  . 1.1 1 


arfi  io  op.so  I^xaaqu  »  1 1  i  3^  un.>»  sd  \*m  i*«*da  A 


*1  ,»r»»*rq  &  id  notion  t  si^najg 


•■» :  1 0:3“  fc  io  nclJ:  •  Cioo  a  ?»i  X  ao^q 

0  • 


mairiqjarocorf 

/  *  V')  «  U8  «  tjA;  5  ;  • 


'k-v  -■-  -  7  a  .  A  ;  r! 

.3v«  yccf >  -.rf ;  t  $  1  rf*  ,  (0  0)  -  ^  0  :  {% 

♦  :}fi9bjt  f  ±J  a;  TJ  <r  j 

■  ,:  n  Ji  :■  z  \  .-.  v  V-  t  t 


-  a'.’5.'  ,  ■  s  *3.1  olcqC'3  yn<n  ic  ;  :.  jjfx&ffta# 

oflo’i  '  »>j  ,  /*,  ..  .v  !rJif  j\b  fill  c  a  tja 

•  &  **  *-  ao.c^oloqo:  :vo  b's-  .to  laa/fa 


raaiaya 

jv'  ‘  u  •  u*  *  '  $4  n 

lo  9?9*  raqo  j  is*  i'aiosijb  arfi  yd  b.*  '*bal 


3*d3  dor a 


2.  Presheaf  of  Sections 
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Theorem  2.18:  If  /=  (S  ,  ct  ,  X)  is  a  sheaf  of  Q,  -modules,  then 
the  sections  of  the  sheaf  form  a  presheaf.  (30,  (-)  ) 

Proof:  For  each  open  set  U  c  X  the  set  F(u  ,  y&  )  is  a 
(unitary  left)  T(U  ,  Q,  ) -module.  If  V  cU  ,  let 

PVU  <  (r(u  ,  a)  ,  r(u  ,  &  ))  - »  (r(v  ,  a)  ,  r(v  ,  S  )) 


denote  the  restriction  homomorphism.  Since  t  )  =  0 

(ft  »  61 )  =  0  >  then  the  system 


{ r(u  ,  a)  ,  r(o  ,  t#  ) 


is  a  presheaf. 


and 


Remark  2.14:  The  presheaf  in  Theorem  2,18  is  called  the  presheaf 
of  sections  of  a  sheaf  (ft,  )  and  is  denoted  by  (  CL  ,  £  )  . 

Remark  2.15:  If  (?  =  (S^  ,  p^)  is  a  presheaf  of  abelian  groups 

over  a  topological  space  X  ,  elements  in  S  .  are  called  sections 

u 

of  (?  on  U  .  Elements  in  Sv  are  called  global  sections. 


where 


For 


x  e  X  we  set 

S  =  S  T  =  stalk  of  (P  at  x 
x  xeU  U 

Sy  is  the  direct  limit  taken  over  the  set  of  all 


neighborhoods  U  of  x  in  X  . 


' 


f 

lairv  q  a  nro'  1 « *rf:J  5o  anoi  o«e  »rfl 

.1  SiL-r  •  1  1(74*  ‘  •-  ) 

' 

(  •  «  3  .  i£.  K  )P  i  >  :  ;4.e  */f  ?  ®Jc  •  .-> 

»;h\  j  »ff3  .  •  •  (.0  . 

!  r  -?  (  lr  .  r> ,  ( X'  :  ,n  j 

i  /  .; 

**  -rfsaiq  »r;1  fc*rUo  ai  .<->$  *  i  li  w  :$x<|  .  :^  ,3  jrf  ,•«;.** H 

•  '*  «i  i  •  .  '•  }  ■  '•.:  ■  '  It  V  -  ' 

. 

;  1  ■-  :  o  •./  •  •  •  v  ' 

«  '  •  3'  'i  >s  r?  .3  rrl  .  j  no  ^ 

*  '  i'  ■ 

•  *5  Sc  C  *  r  f 

.  • 
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Definition  2.18:  Let  (P  =  {Ay  ,  Sy  ,  p^}  be  a  presheaf  of  & -modules 
and  let  (A  ,  S  )  denote  the  direct  limit  of  the  system.  Let 

X  X 

PxU  !  ^Au  *  Su)  *  ^AX  *  SX^ 

be  the  homomorphism  which  sends  each  element  into  its  equivalence 
class.  If  a  e  Ay  ,  s  €  Sy  the  image 

pxU  x 

P  ,,5  =  S 

*xU  x 

is  said  to  be  the  germ  of  the  section  a  at  x  and  of  the  section 
s  at  x  ,  respectively.  (2) 

Theorem  2.18:  If  Q  =  {Ay  ,  Sy  ,  p^}  is  a  presheaf  of  -modules, 
then  the  sections  {ay}  and  {Sy}  form  a  base  for  the  open  sets 
of  A  and  S  ,  respectively,  (30,  (0)  ) 

Proof:  Since  {ay}  covers  A  and  if  u  e  ay  f|  by  ,  x  =  a(u)  , 
where  a  :  A  - >  X  ,  then 


with  a  e  Ay  ,  b  €  Ay  and  x  €  U  fl  V  .  Then  for  some  W  with 
x  €  W  c  U  fl  V  ,  pwya  =  pwvb  =  c  ,  say.  Since 

PxUa  =  PxwPwU*  =  PxWC  =  PxWpWVb  =  PxVb 
for  each  x  €  W  ,  then  c^  =  a^  =  b^  .  So 


u  €  °W  =  “  bW  “  au  n  bV 


r’i  c./T'-Ci  ic  1  r,  od  (  c 


JaJ  .m«o*a  i  I  3o  JiitU  r  rib  srii  o3c  mb  (  a  ,  a)  33l  b„L 

x  *  >  *  'V1  <  nA  i  Bx<J 

»»«<» !  nvtupe  »1  O'jni  :av,i3t9  rf:  ,  r r'w  m.jtdg-to  ™*ort  »d3  ,d 

?;*c'  y  8  *  <  -A  3  *  tl  . tialo 

x*  -  “bx** 

•  1f  t »v  -  a  r.3  *5?  e  X  a  f 


iS<  >qo  'A*  Xl*  :'*'d  1  ao1  f  !]  ’*  f (/  '  «nohj  c  *rfc  ,,rfJ 

(  (  ’■*  «'€>  V^vl3o»qS5!  <  8  .viii  A  5o 


■  -J  **  >r  d  3  u  >J 


A  ft?*  r, 


A  ;  jo  »?sriv 


*>.  rfT  .  ;■  ..  „  i-  ...  ,,  d 


,  rA  3  ft  rfaiw 

. 


•  •/  *  W*  "  W°  r,erfJ  .  w  3  x  *>»»  roi 
■  W*  “  w3  *  u 


vd  a*  »  wd 
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which  shows  that  {a^  is  a  base  for  the  open  sets  in  A  . 
Similarly  the  sections  [s^  form  a  base  for  the  open  sets  in  S  . 


3.  Homomorphism  of  Presheaves 


Definition  2.1?;  Let  <p  =  {Ay  ,  Sy  ,  PyD)  and  (p'  =  [A^  ,  ,  p^} 

be  presheaves  over  the  topological  space  X  .  A  homomorphism  of 
presheaves 

f  :  P'  - >  P 


is  a  collection  {f^j^  ^  of  homcmorphisms 


fu  :  *  sij) 


^  *  SlP 


such  that  f, 


vpvu  =  pvufu  •  (30) 


4.  Exact  Sequence  of  Presheaves 


Definition  2.20:  A  sequence  (p 


<? 


A-*  P" 


of  homomorphisms  of  presheaves  of  -modules  is  said  to  be 


exact  if 


im  f  =  ker  f  j 
f. 


i.e.,  if  the  sequence  (A^  ,  S^T) 


'U 


(\  >  sD) 


8 


U 


^  *  S{P 


is  exact  for  each  U  • 


Theorem  2.19;  If  (p*  - ►  (p  - ►  (p  " 

is  an  exact  sequence  of  homomorphisms  of  presheaves,  then  the 
induced  sequence 


of  sheaves  is  exact.  (30,  (-)  ) 


•  '  •  ?  l  TO-  t 


*:?>{£  L r  9,  airfq  -i  :  cro.-o**  ,( 


0Vq  ’  {J2  «  uAJ  =  v  bj  '  v  «  fje  - 


. 

'  3  ^1-  10J  rt-f.1  --.vc  vsr'.-oi 


(U8  *  * - <:*  •  s  ,ri  | 

'  (iV. 1  *  jv'ly1  i4r  d3U* 


*52* »  ^  i  ij.  ,4 
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.  ■  ..*  ■  > 
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(^8  «  yA)  »Dj^updC 


■.  « -  C 


/fa**  r  J  '.**5  al 


•£LJ 
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Proof :  The  sequences  (A^  ,  S^)  - >  (A 

exact  by  a  property  of  the  direct  limit. 


x 


S  )  - *(A  ,  S")  are 

x'  v  X  *  x' 


5.  Sheaf  Induced  by  a  Presheaf 


Remark  2.1 6» 


We  will  denote  by 

a  :  u 

s  *  U 


■> 


W 

xeX 

\y 

X€X 


the  function  for  which 

a(x)  =  a 
'  '  x 

s(x)  s  s 
v  7  X 

respectively.  For  each  V  cU  we  write 

av  =  a(V)  =  {ax  :  x  €  V) 

sv  =  s(V)  b  [sx  :  x  e  V) 

respectively. 


Proposition  2.18;  Let  A  =  Ax  »  s  =  Sx  * 

a  t  A  - *  X  ,  a  :  S  - >  X 

by  a(A  )  =  x  and  cr(S  )  =  x  ,  respectively.  Then 
X  x 

a  t  :  U  - *  U  >  a  s  :  U - >  U 

are  the  identity  maps  on  U  , 

Proof:  This  is  clear  from  Remark  2.16. 


.^3  «  :  4)  «9.on»ui>^»3  driX  jJgo&S 


iO&Jlh  'i'il  i o  »«ciq  f  \  Jmi 


'<*  •Jt'Mfc  .  tlw  •  •&  .  _  Lm  it ! 


dr>U  .  rro^an  <)  ,orf3 


(v  5  *  i  ,*)  -  (v)*  -  v* 


a  -’•  ■’  '*  ’’*2  •  >  V  ■■  .  1 


.  •’  x  .  }  ft  (V  )e  « 


A  :  a 


ar^;-V'—  7  ;  '  » 


.  I  «o  •<  V*  \:'t  mbl  srfj  ai. 
noil  »st»  (tf 


se 


Theorem  2,20:  If  f  =  ,  Sy  ,  p,^}  is  a  presheaf  of  <X  -modules 

over  a  topological  space  X  ,  where  CL  =  (A  ,  a  ,  X)  is  a  sheaf  of 
rings  with  unity  then  $  =  (S  ,  o  ,  X)  is  a  sheaf  d  -modules,  (30,  (0)  ) 


Proof;  If  a  €  A^  ,  then 

a  ;  U  - >  A 

is  continuous.  For,  if  ax  €  t>v  with  b  €  A^r  ,  then  there  exists 
c  €  Ay  with  x  €  W  c  U  D  V  such  that 

»(W)  =  *W  =  °W  =  bw  =  bv  . 


Also 


a  j  U  - A 

is  an  open  map  since  for  open  set  V  c  U  , 

*V  =  (pvua^v 


is  open  by  definition.  Hence 


a  •  U  - y  a 


U 


being  1-1  is  a  homeomorphism  of  ay  and  the  inverse 


a,aU  :  *U 


■>  U 


is  a  homeomorphism  of  a^  onto  the  open  set  U  .  Similarly, 


s  :  u 


s 


is  continuous  and 


ff5sU  1  SU 


u 


is  a  homeomorphism.  Thus  a  and  <7  are  local  homeomorphisms. 


For  each  x  €  X  ,  the  set 

a-1(x)  =  A 


•si  ubc  7-  X*  1c  l&srft  iq  *  *>2 


( A  »  J  A  =  -T,’  a-  '4  i  ,  toJtqB  JjBoigoSoaoi  %  7  rc 

■  ;  ■  *  1J  »  •  .*  -  .  '0  .  *.  'fit  X3ic.u-  tv  a;  ", 

>-13  ,  tA  a  n  jjooj* 

A  * -  U  ;  K 

“flxs  •«rfi  n»rf3  .  r  5  «  rf«»  vc  •>  T.  a  ,vo»  .M,ouoi,,;0,  ei 

J*rii  lb,!  fntslu  riJlw  WA  3  3 
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&£*  «  wnianoD 
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•Jt 

39 


is  a  ring  with  unity,  and 

a“1(s)  =  S 
'  x 

is  a  (unitary  left)  A  -module. 

The  addition  is  continuous.  For  if  a  ,  b  €  A  with 

®  ^  ^tj  »  b  €  A__  ,  x  £  U  fl  U.  and  a  +  b  €  c..  with  c  €  A_.  , 

u  ui  1  x  x  U2  U2 

then,  for  some  W  with  xeWcUnU^fiU^, 

pwua  +  PWUX  b  =  pwu„  c  • 

Thus  a  €  a  ,  b  e  b  and  for  any  a*  e  a  ,  b'  e  b  with 
x  w  x  w  J  w  w 

a(a')  ss  a(bf)  =  y  say,  we  have 

a'  +  b'  =  a  +  b  =  c  e  cTT  , 
y  y  y  u2 

The  unit  is  continuous.  For  if  1  €  A  is  the  unit 

x  x 

element  of  A  and  1  €  bTT  .  Then  for  some  V  with  x  €  V  c  U  . 

x  x  U  * 

Pvub  is  the  unit  element  of  A^  ,  Then  b^  <=  by  and  consists 
of  the  unit  element  1  for  y  €  V  , 

y 

Similarly,  the  other  operations  of  0-  and  are  continuous. 

Remark  2 . 17 ?  The  sheaf  defined  in  Theorem  2.20  is  called  the  sheaf 
induced  by  the  presheaf. 

Theorem  2.21:  If  $  -  (S'  ,  a*  ,  X)  and  &  =  (S  ,  a  ,  X)  are  sheaves 
of  Q.  -modules  determined  by  the  presheaves  (?  =  (A^  ,  ,  p^y) 


«y3iflu  rfoiv  g.  •’  *  al 


y  1*3 Ira* )  *  «i 


rf‘ *’'  XA  3  X  *  I  3  *f'*  .  »i/cu  ;l3xi00  c  aoillbb*  c,  : 


5  X 


.  /  M  ,  ^  9  I 
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.  :>  V.  d 


U:  ’  *wfl 


n  tlw 


*  V«  »*•*«•  w0»xd  .  .orfi 

»v,r:  ,v  v  -  (  ija  (’•)» 

•  .  •  „a  *  ’rf  .  ’» 
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. j, A®i-aai<j  »d3  yd  b+subsxi. 
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bo 


and  (p  =  [Ay  ,  Sy  ,  pvy)  ,  then  the  presheaf  homomorphism 

f  :  IP'  - >  (? 

induces  a  sheaf  homomorphism 

f  i  $  — ►  £ .  (30,  (0) ) 

Proof:  For  each  x  ,  {fy}  ^  induces  a  homomorphism 


f  «  (A*  ,  S') 

x  v  X  *  x' 


*  <Ax  •  Sx> 


with  f^p^y  =  PXU^U  *  and  t^iese  homomorphisms  f  define  a 


map 


f  :  (A*  ,  S’) 


->  (A  ,  S)  . 


If  for  a’  €  Ay  ,  fyTa'  =  a  ,  then 


ax  =  pxUa  =  p-«a'  =  f~p~rt  a'  =  • 


xU 


x  xU 


Thus  f(ay)  =  aTj  and  f  is  a  local  homeomorphism,  and  hence 
is  continuous.  Therefore  f  is  a  sheaf  homomorphism. 

Theorem  2.22:  If  =  (S  ,  cr  ,  X)  is  a  sheaf  of  $ -modules  and 

if  $  =  {Ay  ,  Sy  ,  Pyy)  is  its  presheaf  of  sections  and  if 

=  (S’  ,  cr '  ,  X)  is  the  sheaf  determined  by  the  presheaf  $  , 
then  9$  and  9%  are  canonically  isomorphic.  (54,  (0)  ) 

Proof:  Denote  the  sheaf  $  by  (  a.ti)  ,  the  presheaf  of  sections 
$  by  (  (X  ,  9?  )  and  $  by  (  ,  $ '  )  .  We  show  that  the  following 


diagram  commutes; 


( a,  t) 


(  Q  .  d  )  *■ 


(  ft*.  #) 


-afti/If':  '.MOTOrf  Uaf^aiq  nan*  t  {y;7q  ,  r2  ,  fjA]  *  j  bn* 
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-  *W;‘ J' ■  ’  '  (,8 «  *>  * —  c;« ,  ;*)  .  ,» 

■ 

o  Ux’ 

q**i 
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•  •  °X;  *  6  niv  ‘  *!  <I  *  V*  ■  x*  •  ’ 

-  r*rf  bnA  so  i  -  i-  '  *  aJt  :  .  ,  l?f  •  )  8 .  .; 

;  '  3  *  a  Jr  1  a^o5.  .  tuounl  Jnoo  ai 

&l“  w  w  or-^  c  ■***«  »  ■  (X  <  ?  ,  S)  -  V  t^4  r^  r09l  J 

*  (H  Ti*an'«»Tq  arfj  yd  fcaolimarJab .2*-  ;  ?,-.i  *i  ,X  ,  ’u  t  *2)  »  ^ 

.oirf'c;  :ot>x  ^jr  r»6iaorr.t^  a**  i>xr*  v  aaifj 
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If  x  G  U  and  f  G  P(U  ,  0.)  ,  let  h^f  =  f(x)  6  Ax  .  Similarly, 
if  s  €  T(U  ,  $  )  ,  let  hxIJs  =  s(x)  G  Sx  . 

Then 

hxU  :  (r(u  ,  a)  ,  r(u  ,  £))  - »  (ax  ,  sx) 

is  a  homomorphism  and,  if  x  G  V  c  U  ,  pvu  =  hxU  .  Then  there  is 

an  induced  homomorphism 

hx  *  <a;  • s;)  — *  (Ax  •  sx> 

with  ^xPx|j  =  •  Now  hx  is  an  isomorphism.  For  if  u  G  Ax  , 

then  there  is  some  section  f  t  U  - ►  A  with  f(x)  =  u  ,  Then 

u  =  f(x)  =  h  7Tf  =  h  p  „f  e  im  h  , 
x  '  xU  xrxll  x  * 

and  if  u'  €  A'  with  h  u'  =  0  ,  choose  a  representative 

X  X 

f  G  T(U  ,  Q.)  for  u'  .  Then  f(x)  =  hxyf  =  t^u'  =  0  .  Hence,  for 

some  V  ,  with  xgVcU,  f |V  =  0  .  Therefore 

u'  =  p  TTf  =  p  ..p..TTf  =  p  T,0„  0  • 

*xU  rxV*vU  rxV  V  = 

Thus 

h  x  A'  - y  A 

XX  X 

is  an  isomorphism  and  similarly  h  :  S’  - y  S  is  an  isomorphism. 

X  A  A 

Let 

h  .  (A'  ,  S')  - *  (A  ,  S) 

be  given  by  hi  (A1  ,  S' )  =  h  .  If  f  €  f(U  ,  (X)  end  f..  is  the 

XX  a  u 

induced  section  in  0!  ,  given  by  f(x)  =  pxlJf  ,  then 
hf(x)  =  hxf(x)  =  ty>xUf  =  ^xUf  =  f(x) 
and  thus  h(f(U))  =  f(U)  .  The  same  holds  if  s  G  T(U  ,  $  )  . 


•  yA  sx.  •  -  la  «  ( jQ  ")  3  1  bn*  U  *  x  )I 
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Thus  h  is  an  isomorphism  of  stalks  for  each  x  and,  since  it 
maps  sections  f^  onto  sections  f(u)  ,  then  h  is  a  local 

homeomorphism  and  hence  is  continuous;  hence  is  a  sheaf  homomorphism. 

Remark  2.18:  We  identify  (  Q.' ,  $')  with  (  0  »  of  )  under  this 
isomorphism.  For  if  a  e  A  ,  h  ^a  is  the  set  of  all  sections 
f  :  U  - ►  A  where  f(U)  contains  a  ,  Similarly  for  h  ^s  . 


f  ft  "in  f  k  _ • .  y-.i. 


» -  ox  u  euni 
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Chapter  3 


Coherent  Sheaves 


1.  Definition  of  Coherent  Sheaves 

The  property  of  coherence  is  such  that  the  theory  of 
coherent  sheaves  becomes  an  additive  theory  and  shows  that  the 
modules  entering  in  this  theory  are  expected  to  be  of  finite 
type.  In  applications  to  algebraic  geometry  and  differential 
topology,  it  turns  out  that  most  sheaves  art  coherent. 

Remark  3. 19:  If  (X  =  (A  ,  a  ,  X)  is  a  sheaf  of  rings  with  unity, 
then  Qi  itself  is  a  sheaf  of  Q.  -modules  and  there  is,  for  any 

index  set  I  ,  a  direct  sum  rU-  Q.  1  where  each  direct  summand 

is  I 

is  Cl  .  This  is  again  a  sheaf  of  (X  -modules. 

Definition  3.21s  Let  &  =  (A  ,  a  ,  X)  be  a  sheaf  of  rings  with 
unify  and  gf  s  (S  ,  cr  ,  X)  a  sheaf  of  Q  -modules.  For  each  open 
set  U  c  X  ,  let 


be  a  homomorphism.  The  kernel  of  f  is  said  to  be  the  sheaf 
of  relations  between  the  sections 

f.  ;  U  - +  J\V 

where  f^  =  fh^l  ,  i.e., 

u  — - — ^  Cl|u  — - — >  0UU  — - — *  $  |  u  .  (91) 


Remark 

3.20:  if 

£ 

■L  ^  ,  «  •  • 

.  fk  «e 

sections  over  an  open  set 

U  c  X 

of  a  sheaf 

y  =  (s 

,  <r  ,  X) 

of  (X  -modules,  we  denote  by 

'Xi’tllS.J.'ms  v..}* Moiaini::*a  .1 

^  h  1  iJ  titel*  Ci  ,oa93,|f  i !  io  y  >T  9  iff 

»rfi  serfs  •*■  ^  Sn*  vio.,f(  iviiibbM  nm  »Mtoaad  eevistf*  JitMarfoo 

t  J'saDiq:  »t.  -  io»rfa  airfj  ni  attain*  --.Jut on 

.  flsMooo  «*  *>  /e»rie  3,00  a.rfa  3a0  triu3  j>  .Kgojoqq* 

1391ib  d3t9  •“  .  1  0  M  r,,  ..  ,  x9lBi 

■  -J~  q  •  •••  if  »»r>3  •  3l»fn  al  el/T  ,  i. 


'  3±W  40  i,9rfG  ‘  ’rf  (*  ■  -  .  O  -  JO  ,*,  !aUialljg 

10  :  ■'**  ”''*  •  9  "  •  *>  ic  t«e*  ( ”  ,  *  8)  .  %  t  ,  X3Ul 

'  '.  5»J  .  X  =>  0  3,8 

’*  dS  #*h  9"  01  “*•  91  1  J  '«**<  «*I  .<»idc,  ioico  ori  .  sd 

*  '■*  -  *  ->  ?3* **  ••  ; .  -i  i 


yd  940170b  $v  tcol  bom-  ft  io  f ' 


kk 


Rel  (f.  ,  . , ,  ,  f)  , 

X  JL  k 

where  x  €  U  ,  the  set  of  k-tuples  (a1  ,  ...  ,  ak)  or  a1  , 

called  a  relation,  a1  e  A1  or  &e  -Hr  A1  such  that 

x  l  x 

a1f1(x)  +  ...  +  akfk(x)  =  0 

or 

k  i 

11  *  f,(x)  =  0  , 
i=l 

and  by 

RclU^f 1  *  * ' *  * 

that  subsheaf  of 

k  k 

-L-L  a  |0 

i=l 

whose  stalks  are  the  modules  Rel  (f  ,  ,  f,  )  . 

XI  rC 

Proposition  ^.19:  Let  0.  =  (A  ,  a  ,  X)  be  a  sheaf  of  rings  with 
unity  and  =  (S  ,  or  ,  X)  a  sheaf  of  Q  -modules.  If  (f^}  ^ 

is  a  system  of  sections  of  $  over  an  open  set  U  c  X  ,  then 
each  f^  defines  a  homomorphism  (again  denoted  be  f^) 

•  (X lu  - >  psPlu 

where  f^(a)  =  a*f^(x),  a  e  A^  .  Then  the  system  {f^}^^  °f 
homomorphisms  defines  a  homomorphism 

f  *  iii  qV  — *  >^iu  • 

Proof:  Since  each  section  f^  is  continuous  and  since  Q.  is  also 
a  sheaf  of  (X  -modules,  it  follows  that  each  f^  is  a  homomorphism 
of  sheaves.  The  last  part  is  clearly  true. 


•  •••  i  **)xi*& 
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io 
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Proposition  5.20; 

and  if 


If 


$  =  (S  ,  <t  ,  X)  is  a  sheaf  of  0-  -modules 


f  ;  ^  I  u  — >  $  I u 

is  a  homomorphism  for  each  open  set  U  c  X  ,  then  the  sheaf  of 
relations  between  the  sections 

f±  *  U  - >  |U 

is  a  sheaf  and  this  sheaf  is  contained  in 


k  i 

J_ L  Q  l« 

i-1 


(2,  (0)  ) 


Proofs  Since 

RelU^f 1  *  ***  *  =  ^ 

and  since  the  kernel  of  any  sheaf  homomorphism  is  a  sheaf, 
then 

Re.l.^.(f ^  ,  ...  ,  f^) 

is  a  sheaf.  Now  we  show  that  Rel^(f^  ,  ...  ,  f^)  is  an 

k  i 

Q|U-module  of  Q  |U  .  For  any  x  €  U  we  have  that 

fx(a"  ,  ,  *k)  =  aX(fi)x  +  •••  +  ak(fk)x 

k 

for  all  (a"  ,  ...  ,  a  )  s  4— j-  ,  and  hence 

(Rel(f  ^  ,  ...  ,  ^k^x  =  Rel'^  (fi)x  *  •••  *  (^k^x^  * 

The  other  conditions  can  easily  be  verified. 

The  sheaf  of  relations  between  the  sections  f^  ,  ...  ,  f^ 


is  described  by  the  following  proposition. 


- !  i  * —  ci  ri  14  . 
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Proposition  5,21:  If  jS  =  (S  ,  cr  ,  X)  is  a  sheaf  of  Q  -modules 
and  if 

f  *  i€l  ^  lU  - *  «^IU 

is  a  homomorphism  for  each  open  set  U  c  X  ,  then  the  element 
of  (ker  f)  for  each  x  €  U  are  the  elements  -LJ-  a1  of 

X  1 

for  which 


44  *ifi(x)  *  0  •  (91.  (-)  ) 


Proof i  For  each  element 


J_L  ,i 

i  * 


only  a  finite  number  of  the 


a  being  different  from  zero,  then 

i_i  =  i!l  hij.i 

where  h1  ;  Q|U  - >  -L-L  Q.1 1 U  ar.d 


f(  -LJ-  a1)  =  f(  4l  h  =  4l  fh  j(* j) 

j  J  ™ 


i.  i. 


i.  i 


=  -Li  «  Jfh  J(lx)  =  Li  a  (x) 

J 


Definition  5.22:  Let  j/  =  (S  ,  a  ,  X)  be  a  sheaf  of  Q  -modules. 
A  sheaf  jsf  is  said  to  be  of  finite  type  if,  for  each  x  €  X  ,  there 
is  an  open  set  U  ,  x  €  U  ,  such  that  each  stalk  of  is 

generated  by  the  same  finite  number  of  sections  f^  ,  ,  f^ 


over  U  .  (91) 


10  ***»•  *  •»  (*  .  «  .  3)  •  V  «  nolLl'OSSrt 


Ik  bn« 


o  r..  H*  v-  s  0B:a ,  a 
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Proposition  5.22:  If  $  =  (S  ,  cr  ,  X)  is  a  sheaf  of  Q.  -modules 
of  finite  type  and  if  f^  ,  ,  f^  are  sections  of  gf  in  a 

neighborhood  of  x  €  X  which  generate  the  stalk  at  x  (i.e,, 
whose  canonical  images  f,(x)  .  f,  (x)  €  s  generate  S  as 

an  A^-module),  then  f^  ,  ...  ,  f^  generate  the  stalk  at  y  for 

all  y  sufficiently  near  x  .  (50,  (+)  ) 


Proof;  Since  is  a  sheaf  of  finite  type,  there  exist  sections 
t^  ,  ...  ,  t  of  i  in  a  nieghborhood  of  x  which  generate  the 

stalk  at  every  point  of  that  neighborhood.  But  since  f^(x)  ,  ...  , 

f^(x)  generate  Sx  ,  there  exist  sections  c^.  in  a  neighborhood  of 


x  such  that 


t£(x)  = 


k 

u 

j=l 


cij(x) 


fj(x) 


for  i  =  1  ,  ...  ,  p  .  But  then  this  equation  must  hold  in  a 
neighborhood  of  x  ,  and  so  the  f ^ (y )  generate  for  all  y 

in  this  last  neighborhood,  since  the  t^(y)  do. 


Definition  5.25?  A  sheaf  =  (S  ,  cr  ,  X)  of  ^-modules  is  said 
to  be  a  coherent  sheaf  if* 

CS1  %  The  sheaf  1$  is  of  finite  type. 

CS  t  If  f.  ,  ,  f,  are  any  finite  number  of  sections  of 

2  1  k 


over  an  open  set  U  a  X  ,  then  the  sheaf  of  relations 
between  these  finite  number  of  sections  is  of  finite 
type.  (91) 
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Remark  5.21;  The  definition  of  coherence  is  a  local  property; 
that  is,  if  every  point  has  a  neighborhood  U  such  that  j^|U 
is  coherent,  then  (2?  is  coherent. 


Proposition  5.25a  A  sheaf  ^  =  (S  ,  a  ,  X)  of  Q-modules  is 
coherent  iff  every  x  e  X  has  a  neighborhood  in  which  the  induced 
sheaf  is  coherent.  (2  ,  (-)  ) 

Proof;  The  proof  is  not  given. 


Proposition  5.2Us  If  S$  =  (S  ,  cr  ,  X)  is  a  coherent  sheaf  of 
O'.  -modules,  then  gf  is  locally  isomorphic  to  the  cokernel  of 
the  homomorphism 

h  ,  iJ.  qp — *  -Li  aq  .  (91,  (-) ) 

Proof;  The  proof  is  not  given. 


2.  Homomorphisms,  Coherent  Subsheaves  and  Quotient  Sheaves 

Theorem  5,25;  A  subsheaf  (R  =  (R  ,  p  ,  X)  of  a  coherent  sheaf 
j/  =  (S  ,  cr  ,  X)  is  coherent  iff  it  is  of  finite  type.  (91  ,  (o)  ) 

Proofs  Since  (R  is  of  finite  type,  we  need  only  verify  (CS^) 

of  the  definition  of  coherence.  Any  section  of  (?  is  a  section 
of  $  ,  since  R^  is  a  subgroup  of  »  Hence,  the  sheaf  of 

relations  of  any  finite  number  of  sections  of  $  is  the  sheaf  of 
relations  between  these  sections,  considered  as  sections  of  $  . 

is  coherent,  the  sheaf  of  relations  is  of  finite  type. 


Since 
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Theorem 
sheaves  of  Q. 
quotient  3heaf 


If  $  =  (R  ,  p  ,  X)  and  gf  =  (S  , 
-modules  and  if  Q  is  a  subsheaf  of 

4/d  is  coherent.  (91,  (o)  ) 


4 


X)  are  coherent 
,  then  the 


Proofs  For  each  x  €  X  there  is  a  neighborhood  U  in  which  a 
finite  number  of  sections  f i  »  •  •  •  »  of  fS\\J  generate  the 


stalk  at  every  y  e  U  .  The  images  of  >  •••  »  fk  under  the 

natural  homomorphism  of  fcP  into  n/Q.  are  sections  of  4\ mJ  (j?  |U 
generating  the  quotient  stalk  at  every  y  €  U  .  Hence 

J/6. 

is  globally  finitely  generated. 


To  show  that  the  sheaf  of  relations  of  any  finite  number  of 
sections  of  fa  is  locally  finitely  generated,  we  consider  an  open 
set  V  c:  X  ,  sections  t^  ,  ...  ,  t^  o  f  4 1 V /  fi|V  ,  a  point 


x  e  V  and  a  neighborhood  II  of  x  in  V  .  We  construct  sections 
f  ,  .  „  „  ,  f^  of  4  as  follows?  For  each  fixed  j  , 


(t.)  £  S  /R 

'  j'X  X  '  X 

is  the  image  of  an  s.  £  S  under  the  natural  homomorphism 

J 

h  s  4  — *  4k 

Since  4  is  coherent,  then  in  a  smaller  neighborhood  of  x  ,  there 

exists  a  section  f.  of  4  with 

J 


(f  .) 
v  j'x 


s 


j 


Let  t’  be  the  image  of  f „  under  the  homomorphism  h 
i  J 


Then 


*  *  ■*  >•«  .**, 


*  •'  .  7  a 

*" . i*  io  *°a"’  "K  •  '1  >  X  T**»  *»  *U1. 


enofcioijB  9 


,a'**  'U,t  V,#VS  **  "«•  *>•**»?  •*» 


10  *“  10  *"*»-»  »o  ,dJ  ,,rf3  ^  0T 

■  “  1  “  ••  •  «••«*>  Wi—I ..  J*  >. 


LTO.  *>*8  JdU7.-8A03  sW  .  V  nj 

±0  °  *~°^8i»n  *  te*  7  »  x 

.  t  *>»*!!  *«  xo*  „  >fiol  5.  I,  ,0  j 

a  \  2  >  &  w>  ; 


o  hoorf  •  rrfi'  irr  -  )  • 

“™  ‘  ^  ^  «»«•»<%»  „  V  ,;iJ3 


•  d  w  irfqtcwtowwf  r.riJ  -aSri/t 

io  «u  9d  ;4  J5j 
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implying  that 


(tpx  "  (tpx 


=  t. 
j  J 


near  x  .  Therefore,  there  is  a  niehgborhood  U  of  x  in  which 
we  may  assume  that  t^  is  the  image  of  fj  »  j  »  1  »  ...  »  k  , 

and  since  $  is  coherent,  then  g^  ,  ...  ,  g^  are  sections  of 

(j?|U  generating  the  stalk  at  every  y  6  U  .  Now  consider  any 

element  of  (Rel(t-  ,  . ..  ,  t,  ))  .  Then  it  is  a  relation 

JL  K  X 


, 


k  j 

,  ak)  e  -j— j-  Qx  with 


J _ L  a^ ( t  )  =0 

j=l  K  j'x 


But  -4 — i-  a^(t.)  -  0  means  that 

J=1  '  j'x 


-LL  aj(f  )  6  R 

i=l  '  i'x  x 


which  means 


id:  aJ(fj)x  =  •  ti  bJ(gi)x  • 


so  that 


,  1  k  ,  1 

V*  ,  s  e  •  ,  a  ,o  »  • 


.  ,  bp)  e  A 


k+p 


is  a  relation  between  the  sections  f^  ,  ...  ,  f^  ,  g^  ,  ...  »  8p 
of  $  ,  a  coherent  sheaf.  Thus  in  some  neighborhood  W  a  U  of  x 


there  are  sections 


A 

1 


A  r<l 
'k  *  1 


c.  ,  ...  ,  c,  ,  r1  ,  ...  ,  _  » 


=1,  ...  ,  n  ,  of  Rel( f ^  ,  ...  ,  ,  g^  j  ...  »  g  ) |N  over  W 


'  'lti'  al  X  lo  U  »  .1  s.,rtJ  ,«,3nv'-  .  x  „4n 

' 

io  ar;oi  J'^»u  3i& 

q  «  *••  «  r  ^  |3«Tf1oo  et  >4  ®0«i»  5fl, 

^/I*  I*bltO;>D  >roK  U  S  v  v  -  t  -  t  r  -  -  _ 

S  a  fla^B  5/fj  g;  Malawi  t/)$j) 

nol^lB-r  •  Bl  31  n»fi T  . 

X  >f  *  •  *  •  «  *  ' 1  *'  )  lO  3n*#n«Ia 


rfSj 


V  -I— I  *  f^K  l  \ 

1  * .  «) 


.  )  '.  )f~*  :'-x 


3f 


{t  ' 


*n*sm  rfoirfw 


9 

•  i  ir!  -  -  i,*)1.  fi 


»  I  •  x  .  ! 

'  '  *  'j  *  *  •  ■■.  ‘) 


3  8^3  OB 


i  ‘  «  J:  <Sfioi33aa  ad*  naavJad  nol 3*Iai  *  aj- 

X  50  1,3  •  '  °  *  *  ’**  *•••<••!•  :  -rf,  %  l0 

anoi^oBa  »u  aiad3 


I  *  a 


;  •••  *  X*  •  *  •  •••  .  ;I5)x»a  lo  .  o  ,  ...  ,  i 
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such  that 

n 

/  1 

\  *■  »  •  »  « 

k  ,1 

»  a  >d  »  •  •  •  » 

bp)  - 

11  eqfcq  cq  rq 

q=l  '1  *  •••  *  K  *  *1  *  •••  * 

e^  €  Aq 

v 

Hence 

n 

av 

i 

a  = 

11 

q=l 

eq(cq)  , 

j  X 

j  =  1  >  •  •  ® 

,  k  .  Now  (c« 

y  •  •  • 

,  cj)  ,  q  9  1  .  n  ,  are 

sections  of 

Rel(t1  ,  ...  , 

tk)|w 

over  W  since  they  are  continuous 

1 

maps  of  W 

into  (a1  ,  ... 

.  «k) 

e  such  that 

x 

k 

P 

k  k 

J_L  a^f 

j  =  l  j 

+  -Li  =  0 

0  i  ft 

9  jl  0  c 

.  s,  4 — [■'  a-^f.  e  R  |  4 — [■  a^t.  =  0 

J  =  1  J  x  j  =  l  j 

Theorem  5.25  s  If  $  =  (S  ,  a  ,  X)  is  a  coherent  sheaf  of  Q -modules 


and  if  f. 


,  «...  ,  f^  are  sections  of 


£  , 


then  the  sheaf  of  relations 


Relff^  ,  ...  ,  f^)  is  a  coherent  sheaf.  (50,  (+)  ) 


Proof ;  Now  Rel(f^  ,  ,  f^)  is  a  subsheaf  of  Q,  ,  a  coherent 

sheaf,  and  is  of  finite  type  by  the  definition  of  coherence  of  9^  . 


Theorem  5.26;  If  $  =  (S  ,  c  ,  X)  and  (/?  =  (R  ,  p  ,  X)  are 
coherent  sheaves  of  Q,  -modules  and  if 

h  :  $ - 

is  a  homomorphism  of  gf  into  Q.  ,  then  ini  h  ,  coim  h  ,  ker  h 
and  coker  h  are  coherent  sheaves.  (50,  (+)  ) 


o*  <x 


•  .  *  J  '  ‘  ; r  '  •  •  •  !  r  - 

«  ■*«_•••  • 

. 

•/  3  VO 

,  :  *0  i  O,.  J^i'6 

r  5  A  3  i  •>  ,  .  .  #  j  ,  t'JM  V  *  */jt 

>  —  ;  5<  •  •  •:  V  .  0  1*  IT  i ^  '  Z 

'  11  ”  11  ■'  "*  ’  V^"'  *  V  !'  **  ,a“  r*  ?  ••  ’  I1  W  *>“ 

.  ■  '*  •?  :  •«••  >■'  o  *  *2  (  .1  ,  ....  t  i) 

io  SD1  9V9r  9  So  ito2i;nJ  'J  *</  v 2  li  ,  45^ c 


T*  -x  *  q  *  *)  5  ••)  bri*  A<  X>  2)  r  \  U  .  c  TO sdi 

••>••  't-  j. ..  ’.  .  :  a  ;wi!,'o3 


9  — 

rf  ::•'  trios  ,  j 


(  '+)  oe) 


■ 

JfT  :  fo:>  -1»  rf  isiioD  bra 
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Proofs  To  establish  the  coherence  of  im  h  =  h(  ?$  )  and  ker  h 
we  need  only  show  that  they  are  locally  finitely  generated  since 
we  already  know  that  im  h  is  a  subsheaf  of  <J?  and  ker  h  is 
a  subsheaf  of  9$  . 

Since  is  of  finite  type,  every  x  e  X  has  a 

neighborhood  U  in  which  a  finite  number  of  sections  f,  ,  ...  ,  f, 

1  k 

J  |U  over  U  generate  (S|u)  ,  y  €  U  .  Now  their  images  under 
h  generate  ( im  h|U)  ,  y  €  U  .  Thus  im  h  is  of  finite  type. 

For  ker  h  take  x  ,  U  and  f^  ,  ...  ,  f^  as  above. 
Since  h(f1)  ,  ...  ,  h(fk)  are  sections  of  &|U  over  U  ,  then 


Reyh^)  , 


O  O  C  J) 


h(f,  ))  is  a  coherent  sheaf.  Consider  the 


following  mapping  g  s  (Rel^hf^)  ,  ...  ,  h(fk))y  - ^  Sy  ,  y  €  U  : 


f  1  kv 

(a.  ,  ...  ,  a  ) 


Since 


h(  bi  al(fiV  =  'bi  i,ih(fi)y =  0  • 

then  g  is  a  homomorphism  of  Rel^(h(f^)  ,  ,  h(f^))  into 

ker  h|U  .  But  every  element  of  (ker  h|U)y  is  of  the  form 


\ — j-  a^h(f  )  with  a*-  €  and  — j-  a^h(f  )  = 

i=l  v  i'y  x  i=l  'i'y 


Hence 


g  is  onto.  Therefore  ker  hjU  is  the  image  under  a  homomorphism 
of  a  coherent  sheaf  and  thus  is  coherent  by  the  first  part. 


•'2  inoi  m  df  ss  oT  oc 


if  M  hrro  (  %  )rf  -  f  alt  to 
•a"1  *x»5  «»-'  ‘=>°i  »«  y  v  .  v,,.8  ylRC  ,  „  „„ 

ei  rf  ,»i  •“*  ®  °  -^so'-.f  »  ei  f  ,  if-  ,.rf  ... 

*  •M(  x  *  »'»v»  J.nit  fc  a  v  »,nte 

.4  .  ...  ,  *OOl99t«  0  5»  „i  >1  *  ftoj  .  ,  t  , 


.»qva  a  foil  ,  «  r.  ml  ,  (  rili)  ;Js„n,s  „ 

i  •  •••  •  1  '  .  Ml»  if  M  TO; 

fj  I-  •>  l,.ris  3n„.  ..0,  ,  al  ,:i;  5  :  )„)  . 

'f8  /  ’  •”  •  '  -l*  0  :  j  lisilq*-  n.wl'o) 

M 


OJt  f  ^  *  “*  '  r  **  £ °  ~  •  *jt  5  aarfj 


**»  .*>  lo  iJ 


x  ■» 

•  »  <(j»  ™orf  a  «J  « .as«t,ris-„  -JH  „„  9te:  „e  „  03m)  ^  g 

‘ :  ,"q  ,W>i  “!I  'id  •!  *«rfs  ta  »«•*  .  J0 
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3.  Exact  Sequences  of  Coherent  Sheaves 

Theorem  If  —  (S  >0"  ,  X)  ,  —  (S  ,  O'  ,  X)  and 

«T  =  (S"  ,  a"  ,  X)  are  sheaves  of  Q.  -modules  and  if 


0 


is  an  exact  sequence  of  homomorphisms  of  sheaves  and  if  any  two 
of  the  sheaves  / ,  4  .  r  are  coherent,  then  the  third 

sheaf  is  coherent.  (91>  (o)  ) 

Proof;  Suppose  $  and  ^  are  coherent.  Given  x  €  X  we  want 
to  show  that  $  |U  is  coherent  for  some  neighborhood  U  of  x 
in  X  ,  Since  9$  is  of  finite  type,  there  is  an  epimorphism 


H  aV 


where  U  is  some  neighborhood  of  x  in  X  .  Let  p  =  (^|U)*t 
and  (?  =  ker  p  „  Then 


0 


■*  P  -5— >■  CL  |u 


/|u 


-*•  0 


is  exact  where  &  is  the  canonical  injection.  Since  ^  is 
coherent,  it  follows  that  (?  is  of  finite  type.  Hence  r(  P  ) 
is  of  finite  type.  Since  t(  (p  )  is  a  submodule  of  ?!?|U  and 
9^  is  coherent,  it  follows  that  r(  Q  )  is  coherent.  Now 
^|U  maps  <$  |U  isomorphically  onto  r(  (?  )  and  hence  ^  |U 
is  coherent. 


Suppose  9$  and  ^  are  coherent.  Then  in  particular 

On  I)*  I 

of  finite  type  and  hence  so  is  p  .  To  show  that  P 


/ 


is 


satisfies 


■'  ’  -  ■  \  : 


bn* 


0  .  a )  • ^ 

/  * 

'  ■*  •  '  i'.  O^* 


esvjfco.  i  j  »  tk  (X 


tVS.f  Q^yciuT 

. 


0  -< - "ix«r-'fc -  %  -t  *  _ 0 


X  J  baoJ-'HL.j  J  smut  *  o*  j  r!oo  ti  r\%  *rf:!  ,  OJ 

^  ,  ‘ct  .  *  B 1  3‘^J  *»qv*  ....  1  }*  4jc  ^  ,;3  13  x  . 

»iV  « -  0|  jo  ,'  J  .  ,  '.  9  I 

^  “  1  ■'  J  t  C  :  *>0  1  ■  j  s..w>9  3  j  .  3-  9rfv 

o  « —  a|  -V  -2_  a IX)  L’  +-JL  q  « - o 

!  '•  J  1J,S  '  Moi0a--.lt  .-...J  <*r  a  rf.7  1D|,K  . 

(  '■  )T  !  ’  1  iy  ’*  «f  S  ■  -  fO?  3  .3r:  .3»rioD 

U'  ■  4 '  '  £  ° °-'70  v  ?  J  liqivx  >t  .  .  %  uj^ 


•  3tr-.79.ioo  ei 


^  l*Ju  Ul3ttq  fl.r  .  u ...  .  ;o0 


o«o cqu3 


(CS^)  ,  let  sections  ,  . . .  ,  of  on  an  open  set  V  in  X 

be  given.  We  want  to  show  that,  given  x  €  V  there  exists  a 
neighborhood  HJ  of  x  in  V  such  that  Rel(h^|U  ,  ...  ,  hp|U) 

is  a  finite  Q|U-module,  Since  tjj  is  an  epimorphism,  we  can  find 
sections  gj»  ...  >  g'  of  9$  on  a  neighborhood  V'  of  x  in  V 

*  r 

such  that  ’^{gp  =  hjJV*  for  i  =  1  ,  ...  ,  p  .  Since  $  is  of 

finite  type,  we  can  find  sections  f^  ,  ...  ,  f  of  on  a 

neighborhood  U  of  x  in  V  which  generate  $  on  U  .  Let 

=  g^  |  U  .  Then  g^  ,  ...  ,  g^  ,  cp(f^)  ,  ...  ,  cp(f^))  are 

sections  of  $  on  U  and  =  h^JU  .  Rel(g^  *  . . .  »  gp  » 

*p(  f  ^  ® « 

Therefore,  given  y  e  U  we  can  find  sections 


,  <p(f  »  is  of  finite  type  because  $  is  coherent. 


(aj  »  •••  *  aj  »  b 

1 

j  *  ’*• 

»  b<?)  » 
J 

II 

I-1 

on  a  neighborhood 

U'  of 

y  €  II 

which  g 

Re 1  ( g^  ,  .<>.  >  gp 

»  cp(f x) 

9  000  9 

tp(fq)) 

and  any  (r  ^  ,  . . . 

,  rp)  € 

o.p 

z 

we  haves 

( 

1 

r  ,  .  . . 

,  rP) 

e  (Rel(h 

p+q 


P  2 


=>  rl(8l)z  +  •••  +  rP(«p)z  e  i®  <PZ  there  exist 


such  that 


(s1  ,  ...  ,  sq)  e  Qz 

r  1  ( §i )z  +  •••  +  rP^8p)z  +  S  +  •••  +  ^q) )z  =  0  » 


that  is, 


X  Ij 


V  3  •  ,mqo  mr  no  to  if  ,  ...  rf  woij JB,  joJ  (c80) 

' 

' 

•  1  m  '  *-  •  *  •'  'V  ni  x  ■* o  v\  J?;.  -u  ,n 

^  ^  «••*«(  r£  «  -t3  «  «  jt.  narfl  ,  V)’\  i  j  { 

«  qa  «  *  •  *  «  d  *  (  8;^  •-■ ,  n<;  *?  3b  e/toJt^o^a 

^  Y  It  boor  rod/  ;J»j  %  rro 

J'-‘  3  \  ~T  .  .  ,  ■;>  j  VJifc  In  ; 


i '■  y1  *'  ff)SS^.)  3  ( 


*  .  .  J 


;  o  ■» 


V*''*3  1  +  •  t  k;.{x»'»)"  •  "  +  .  .  +  ;  »)h 
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>  •  ••  »  r  >s  i  »  s  )  E  (Rel(g^  s  •  ••  >  g  >  cp(f^)  I  > 
<p(fq)))z  • 

X 

Therefore  the  sections  (a.,  ,  ...  ,  ap)  »  (j  =  i  *  ...  ,  J)  ,  of  Q 

on  U'  generate  Rel(h-  ,  ...  ,  h  )  on  U'  .  This  shows  that 

1  P 

Rel(h-(U  ,  . ..  ,  h  |U)  is  a  finite  0,|U-module. 

“  P 


Suppose  d  and  are  coherent.  Then  $  and  $  are  of 
finite  type,  and  hence  given  x*  €  X  we  can  find  sections 


u. 


f  C  O  0 


,  u  of 
n 


and  sections 


V1 . vm  °£  J' 


on  a 


neighborhood  Y  of  x'  in  X  such  that  these  sections  generate, 
respectively,  $  and  $  on  Y  .  Since  ^  is  an  epimorphism,  we 
can  find  sections  w^  ,  . . .  ,  w^  of  jgf  on  a  neighborhood  Z 


of  x”  in  Y  such  that  ^/(w^.)  =  v^|Z  for  k  =  1  ,  ...  ,  m  . 

Since  the  given  sequence  is  exact,  it  follows  that 

»  ...  »  *P(un)i^  »  *  •••  9  Wjn 

generate  $  on  Z  .  This  shows  that  $  is  of  finite  type.  To 
prove  that  jsf  satisfies  condition  (CS^)  ,  let  sections 

g^  ,  . . .  ,  g  of  on  an  open  set  V  in  X  be  given.  We  want 


to  show  that  given  x  e  V  there  exists  a  finite  number  of  sections 
p 

of  Q  on  a  neighborhood  U  of  x  in  V  which  generate 

RelCg^  ,  ...  ,  gp)  on  U  .  Since  is  coherent,  we  can  find 

1  P 

sections  (a  ,  , . .  ,  ap)  ,  (e  =  1  ,  . . .  ,  d)  ,  of  on  a 

e  e 

neighborhood  V'  of  x  in  V  which  generate  Rel^g^  ,...,^(gp)) 


t  *  «  •  « 


t  ,('*•«  .  i  )  .s/ollo*  ■•rrj  -  to';  . 

c 


X)  So  ,  (I 

Jr./tt  •.*••••  H.  a.r-  T  .  ro  (  !  .  .  .  r  )  itr  ^ 

. ■•  *  <  fcj  v  a  «r  t  ■  :  ..  ,  I  sA 


So  am  ^  60*  %  nariT  . Jnaiadoo  a**  0(  bna  V  5500708 

*  ft©  %  So  r  #  . ,  v  ertolJoae  bn*  ^  lo  «  .  .0 

n  I 

,*!*■  «/»s  Sflcl-’oa*  aaar'J  /hate  X  nl  lx  Jo  .  boorhoori’jjlan 

•a 

aw  ,iB8lr'g  ...  ;»v.  . .  rS  .  y  .to  bfftt  <3?  .yX^viitoaqaa* 

•  •  bo.ori  •  ©  ••  So  w  .  .  ,  ,  .  ;  no  .Jaas  to*i  n#a 

Hi 


*  w  «  ...  «  X  -—  >f  *ol  S|yv  «  J»rf3  rioue  ¥  nl  fx  Jo 

"wollol  dJk  f:  >*jca  e;  sr'/rurioa  navig  ado  aont8 
0j  «  ••*  *  { vJ  «  •'■*  >  (  J/P  - •  •  «  ■  \  0  j<p 

oT  .agy3  a  lx  nil  Jo  «;  ;: .  ! 0  ;  :>ri:  a  .  rro  '  ..  :■«•  eoag 

tfsaw  aW  .j.avl^  »•'  •*  r  J*V?  naqo  jo  00  -  .  o  %  .  ...  „  r;< 

encUoaa  Jo  lacfeon  oiarl.;  >  navig  ;t*ril  itcd«  o3 

' 

birii  am  aw  tSi  »  1  foo  el  ^  aanJ  .  ■  o  ^  g  *  *  •  *  .g)!*?' 

fi0  X)  if  «  (  «...  '  ,  , :  «  ...  ,  )  c.n  V- >e 

•  , 
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on  Vs 


Let 


P 

.  Li 


8e  =  U1  «.  *i  e 


^|V  , 


e  =  1  ,  ...  ,  d  .  Since  the  given  sequence  is  exact,  there  exists  a 

neighborhood  V”  of  x  in  V'  such  that  g' |V"  €  <p( 

0 

for  e  =  1  ,  ...  ,  d  .  Since  is  coherent  and  q>  is  a  monomorphism. 


we  can 


Id.  ^ 

find  sections  (b  ,  . . .  ,  b  )  ,  (c  =  1  ,  . . .  ,  n' )  ,  of  Q, 


on  a  neighborhood  U  of  x  in  V”  which  generate  Rel(g^  ,  ...  ,  g^) 


on  U  .  Let 


°c  ■  U.  b' s £  ai®  • 

c  =  1  ,  ...  ,  n'  .  We  shall  show  that  the  sections  (o^  ,  ...  ,  oP)  , 

o  o 

p 

(c  =  1  ,  . . .  ,  n' )  ,  of  a  on  U  generate  Rel(g1  ,  ...  ,  gp)  on 
U  ,  and  this  will  complete  the  proof.  So  let  y  €  U  be  given  and  let 

h  =  (gi^  >  *e  "  <ae>y  *  %  =  ^y  »  K  “  (bc}y  *  °c  “  <°J>y  * 

We  have  to  show  that  the  elements  (o*  ,  ...  ,  o^)  ,  (c  =  1  , . . . ,  n' )  , 

G  G 

in  Ap  generate  Rel(g^  ,  ...  ,  g  )  as  an  A  -module.  First 


-jj — l  oig,  =s  -I — \  \  bC  a1  g  =  -Lj-  bCg'  =  0 

1—1  C 0 1  0—1  1—1  C  C  1  0—1  g  0 


and  hence  (o  ,  ...  ,  cr)  €  Rel(g  ,  ...  ,  g  )  for  c  =  1  ,  . 

G  C  JL  p 

Next,  let  (r1  ,  ...  ,  rp)  €  Rel(g1  ,  ,  gp)  be  given.  Then 

1 —  p — 

r  gl  +  ...  +  r*g  =  0 


.  ,  n'  . 


and  hence 


y(81)  +  •••  +  rP^y(8p)  =  0 
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Therefore  we  can  find  s1  ,  ooe  ,  sd  in  A  such  that 

y 


i  II  e-i 
r  =  J — \  s  a 

es'-l  e 


for  i  =  1 


J)  o  o  o 


,  p  ,  and  then 


I  I  e“t 

J — h  s  e  = 
e-1  &e 


P  d 

ill  _L_L  e_i_ 


i=l  e=i  s  aeSi  = 


p 

11  r4i 

i=l  8i 


=  0  ; 


that  is,  (s 


9  o  «  © 


j  s  )  €  Rel(g^  ,  . . „  ,  g^)  .  Hence  we  can  find 


t^  tn  in  A  such  that 

y 


for  e  =  1  , 


n' 

e 

s 

=  4  tcbe 

c=l  c 

,  d  ,  and  then  for  i  = 

1  ,  ,  P  we  get 

d 

n' 

n' 

,{?  =  J-4  ( 

e  e=l  x 

4  tcbe) 
c=l  c 7 

-i  ]_l  c~ i 

a  =  J — j-  t  o 
e  c=l  c 

Therefore  (r  ,  „  0 .  ,  r^)  is  in  the  A^-module  generated  by  the 


elements  (o^  ,  . .. 
c 


9  °c )  9  (c  _  1  ,  .  0 .  ,  n  )  . 


Theorem  5.2 8;  If  Q  =  (A  ,  a  ,  X)  is  a  coherent  sheaf  of  rings  with 
unity  and  /  =  (S  ,  a  ,  X)  a  sheaf  of  ^-modules,  then  is 
coherent  iff  for  each  point  x  there  is  an  open  set  U  with 


x  €  U  and  an  exact  sequence 


,r|  i 

ti  aiu 


g 


J_L 


#  Ql» 


eJ |u  — >o  .  (91,  (o)  ) 
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Proofs  To  prove  the  necessity  we  see  that  since  gf  is  coherent, 
property  (CS^)  of  the  Definition  3*23  implies  the  existence  of 

the  homomorphism  h  and  property  (CS2)  implies  the  existence 

of  the  homomorphism  g  . 

To  prove  the  sufficiency,  we  see  that  since  Cl  is 
coherent,  Q.|U  is  coherent  in  U  for  each  open  set  U  and  so 


are 


ii  a 

Ul  ^ 


s 


J 


U 


and 


r.  1 

As  the  image  of  j— L  Q 


im 


y  civ . 

g  has  property  (CS^)  ,  and 


as  a  subsheaf  of  -Mr  Ot  |U  ,  im  g  has  property  (CS  ).  Thus 

J~  1  2 

im  g  is  a  coherent  sheaf,  and  so  there  is  an  exact  sequence: 


0 


im  g 


l®,  i 

■»y  g  iu 


■*  0  . 


Hence,  since  two  of  the  sheaves  are  coherent,  then  the  third  $f|U 
is  coherent  for  a  neighborhood  of  each  point  x  and  hence  9^  is 


a  coherent  sheaf 


1+.  Operations  on  Coherent  Sheaves 

Theorem  3,29:  If  gP  =  (S  ,  cr  ,  X)  and  (/?  =  (R  ,  p  ,  X)  are  coherent 
sheaves  of  Q  -modules,  then  the  direct  sum  of  9$  and  (R  is  a  coherent 
sheaf.  (50,  (+)  ) 
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Proof?  let  ®  $  denote  the  direct  sum  of  d  and  $  .  It  is 
clear  that  <$  ©  Q.  is  of  finite  type.  To  verify  (CS^)  let 

+  *  0  °  °  *  gj« 

be  sections  of  ©  &  in  a  neighborhood  U  of  x  €  X  .  We 
wish  to  show  that  the  sheaf  of  relations  among  the  f^  +  g^  is 

of  finite  type.  By  restricting  U  if  necessary,  we  may  find 
sections  d^  of  Ct|U,  i  «  1  ,  . . .  ,  r  ,  j  ■  1  .  t  ,  which 

generate  the  sheaf  of  relations  among  the  f^  ,  Rel^(f^  ,  ...  ,  fy)  . 


Let 


r 


11 

i=l 


g 


i 


which  are  then  sections  of  (R  ,  and  by  restricting  U  again  if 
necessary,  find  sections  h^  of  QjU  ,  j  =  1  ,  ,  t  , 


k  ss  1  ,  , , ,  ,  g  ,  which  generate  Rely(u^  ,  ...  ,  ut)  .  Now  we 


show  that  the  sections 

t 

y  ^  £  qi» 

generate  Rel^f^  +  gx  ,  ...  ,  +  gr)  .  For  suppose  y  €  U  and 

(a1  ,  ...  ,  ar)  are  sections  of  Q  near  y  such  that 


(1) 


y  (-byttfi  +  0 


Then  in  particular 


r 

n 


J — *-  (a1)  (f  )  =s  0 

1  '  'y '  j/y 


So  there  exist 


Ji  o  o  o  $ 


bfc)  e  (X  in  a  neighborhood  of  y  such  that 
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(2) 


u 

(a1)  =  14  (bJ)  (d*) 

y  j=i  yv  j: 


Now  rewriting  (l)  above  we  find  that 


r  t 


tl  (bJ)y(4)y(8i)y  =  0  ' 


in  other  words,  that 


^  Wy  "  0  • 

Hence  we  can  find  sections  (c1  ,  ...  ,  cS)  e  0,  near  y  such  that 

3 

(bhy  (^y^jy  • 

Combining  this  with  (2)  above,  we  find 

a1)  =  n  Irl  (ck)  (hu)  (d<) 

y  j  =  l  k=l  /y '  k'yv  j'y 


so  that 


=  fa!  (c\(  y  djhk)y  , 


H  dihJ 

j  k 

generate  the  sheaf  of  relations  among  the  f^  +  g^  as  required. 

So  <^jU  ®  $jU  is  coherent  for  a  neighborhood  of  each  point  x 
and  hence  $$  ©  $  is  a  coherent  sheaf. 


Theorem  5.50s  If  p  and  $  are  two  coherent  sheaves  of  Q. -modules, 
then  the  tensor  product 

is  a  coherent  sheaf.  (91,  (o)  ) 
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Proofs  By  Proposition  3 „ 2U j 


fS 


is  locally  isomorphic  to  the 


cokernel  of  the  homomorphism 


h  :  a 


aq  . 


Thus 


is  locally  isomorphic  to  the  cokernel  of 

h  :  8  &  - of  •  (?  . 

Ot  01 


p  q  j-. 

But  0t  and  0*  are  respectively  isomorphic  to 

(&  and  R  ,  which  are  coherent.  Hence 


is  coherent  by  Theorem  3„26» 
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Chapter  4  Algebraic  Sheaves  and  Analytic  Sheaves 


In  this  chapter  all  proofs  of  the  propositions  and  theorems 
are  omitted.  References  are  understood  to  be  to  Serre's  fundamental 
paper  (91)  . 

1.  Affine  Spaces 

Definition  4.24?  Let  K  be  a  field.  An  affine  space  X  over 
the  field  K  is  a  set  of  n-tuples  (x^  ,  ...  ,  x^)  where  x^  €  K  . 

Remark  4.22;  We  want  to  consider  the  common  solutions  of  the 
following  polynomial  equations 

fj(xi)  =  0 

i  =  1  ,  ...  ,  n  ,  j  =  1  ,  ...  ,  p  ,  where  f^  e  KfX^  and  K  is 

an  algebraically  closed  field.  Let  D  be  the  universal  domain 
(i.e.,  field  extension  of  K  such  that  the  degree  of  transcendency 
of  B/k  is  infinite  and  D  is  algebraically  closed).  Let 
(x)  =  (xj)  denote  the  common  solutions  from  Dn  =  D  x  . . .  x  D 

(n  times).  Now  we  observe  that  if  (x)  is  a  zero  for  f.  ,  ...  ,  f 

ip 

then  (x)  is  also  a  zero  for 

g1£1  +  ...  +  gpfp 

where  g.  are  any  polynomials  of  K(X^)  ,  Thus  (x)  is  a  zero 
of  the  ideal  generated  by  f^  .  Instead  of  considering  the  original 
problem  we  consider  the  following:  Given  an  ideal  I  cr  K(X^)  we 
consider  the  zeros  (x)  of  I  ,  where  (x)  is  the  zero  of  I  for 
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every  f(X^)  e  I  ,  we  have  f(x)  =  0  . 

This  problem  is  actually  equivalent  to  our  original  problem 
since  by  a  theorem  (namely:  If  K  is  a  field,  then  K(Xi)  is  a 

Noetherian  ring),  any  ideal  I  of  K(X^)  is  finitely  generated. 

So  to  find  a  zero  of  I,  it  suffices  to  find  a  zero  of  only  a  finite 
number  of  elements  of  I  . 

Definition  4.25s  Let  I  be  an  ideal  of  K(X)  ,  where  X  =  X^  , . . . ,  X^  . 

The  set  of  zeros  of  the  ideal  I  is  said  to  be  an  algebraic  set 
over  the  field  K  . 

Remark  4.23s  We  note  that  the  algebraic  set  can  be  the  empty  set. 

This  will  occur  when  I  =  K(X)  ,  since  then  the  identity  element 
lei.  Also,  the  algebraic  set  equals  Dn  when  I  =  (o),  the 
zero  ideal.  It  is  also  possible  for  different  ideals  to  define 
the  same  algebraic  set. 

The  following  proposition  shows  that  the  set  of  the 
algebraic  sets  is  closed  under  union  and  intersection. 

Proposition  k.25t  If  I  ,  I'  are  ideals  contained  in  K(X) 
and  if  I  ,  I'  define  algebraic  sets  V  ,  V'  ,  then  the 
union  and  intersection  are  algebraic  sets. 
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Definition  4.2 6i  The  topology  in  an  affine  space  X  =  Kp  of 
dimension  p  over  the  field  K  defined  by  the  closed  sets 
consisting  of  algebraic  sets  in  Kp  is  said  to  be  the  Zarski 
topology. 

Remark  4.24?  That  the  so-called  Zarski  topology  is  a  topology 
follows  from  Proposition  4.25. 

Proposition  4.2 6t  If  X  is  an  affine  space  over  the  field  K 
provided  with  Zarski  topology,  then  a  subset  of  X  is  closed 
if  it  is  a  set  of  zeros  common  to  a  collection  of  polynomials 
Pj^  e  K(X^  ,  ...  ,  Xp)  ,  i  =  1  ,  ...  ,  q  . 

Definition  4.27;  A  topological  space  X  is  said  to  be  irreducible 
if  it  is  not  a  union  of  two  closed  disjoint  subsets  of  X  . 

Proposition  4.27»  If  X  is  an  affine  space  with  Zarski  topology, 
then  X  is  an  irreducible  space. 

2.  Sheaf  of  Local  Rings 

The  sheaf  of  local  rings  over  an  affine  space  is  fundamental 
to  the  algebraic  sheaf  theory. 

Definition  4.28s  A  subring  of  the  closed  field  KP  consisting  of 
rational  fractions  of  the  form 

P(x)/t)(x) 

where  P  ,  Q  are  polynomials,  Q(x)  ^  0  ,  is  said  to  be  a  local  ring. 
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Remark  b.25:  The  definition  of  a  local  ring  may  be  stated  as  a 

ring  with  unity  having  a  unique  maximal  ideal.  If  x  =  (x^  ,  ,  x^) 

is  an  element  of  X  =  KP  ,  we  denote  by  C>x  the  local  ring  at  x  . 

Definition  4.29?  Let  X  be  an  affine  space  over  an  infinite  field 
K  provided  with  Zarski  topology.  The  map 

x  - >  P(x)/Q(x)  ,  Q(x)  /  0 

for  each  x  €  X  with  values  in  K  is  said  to  be  a  regular 
rational  map. 

Proposition  4.28;  If  X  is  an  affine  space  over  an  infinite  field 
K  provided  with  Zarski  topology,  then  at  each  x  €  X  the  map 

x  - =?  P(x)/Q(x)  ,  Q(x)  ^  0  ,  is  continuous  with  values  in  K  . 

Theorem  i+.M:  If  <$  =  (S  ,  cr  ,  X)  is  a  sheaf  of  germs  of  maps 
over  an  affine  space  X  with  values  in  an  infinite  field  K  , 
then  the  set  of  local  rings  0x  for  each  x  €  X  forms  a  subsheaf 
0  =  (0  ,  Cp  ,  X)  of  the  sheaf  gf . 

Corollary  b.lh  The  sheaf  of  local  rings 
an  affine  space  with  values  in  a  field  K 
rings . 

Definition  U.50s  A  subset  Y  of  an  affine  space  X  is  said  to 
be  locally  closed  in  X  if  it  is  the  intersection  of  an  open 
and  closed  subset  of  X  . 
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We  extend  the  above  notions  to  locally  closed  subspaces  of 
an  affine  space  X  . 

Proposition  4.29s  If  Y  is  a  locally  closed  subspace  of  an  affine 
space  X  and  if  | Y  is  the  sheaf  of  germs  of  maps  on  Y  with 
values  in  an  infinite  field  provided  with  Zarski  topology,  then  the 
operation  of  restriction  of  a  map  defines  a  canonical  homomorphism 

f  s  (  |X)x  - *  (  ^  |Y)x  . 

Corollary  4.29t  The  image  of  the  local  ring  0^  by  f  is  a  subring 

of  (  4  |Y)X  . 

Proposition  4.50s  If  X  is  an  affine  space  and  Y  c  X  is  a 
locally  closed  subspace,  then  the  local  rings  0x|Y  for  each 
x  e  Y  form  a  subsheaf  (jf  =  ( 0  ,  cp  ,  Y)  of  q$  |Y  . 

Remark  4.2 6 l  The  sheaf  in  Proposition  4.30  is  called  the  sheaf  of 

local  rings  over  a  locally  closed  affine  space  Y  and  is  denoted 
by  (5|Y  . 

Defintion  4.5ls  Let  be  a  sheaf  of  local  rings  over  a  locally 

closed  affine  space  Y  .  A  section  of  0  |Y  over  an  open  set  Vc  Y  . 

f  :  V  - >  K 

where  K  is  an  infinite  field  is  said  to  be  a  regular  map  over  V  . 
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Theorem  4.52s  If  $|Y  is  a  sheaf  of  local  rings  over  a  locally 
closed  affine  space  Y  ,  then  a  section  of  (J\X  over  an  open  set 
V  d  Y  is  a  map 

f  :  V  - >  K  . 

where  K  is  an  infinite  field,  which  is  equal,  in  the  neighborhood 
of  each  x  e  V  ,  to  the  restriction  to  V  of  a  regular  rational 
map  at  x  . 

Corollary  k.12$  The  map  f  :  V  - >  K  is  continuous  if  V  is 

provided  with  the  induced  topology  of  Y  and  K  with  the  Zarski 
topology. 

Definition  4.52s  Let  U  c  X  ,  V  c  Y  be  locally  closed  subspaces  of 
affine  spaces  X  =  ,  Y  =  ,  p  ,  q  integers.  A  map 

f  t  U  - ^  V 

is  said  to  be  a  regular  map  over  U  if 
s  f  is  a  continuous  map. 

R2  $  If  x  €  U  and  if  g  €  0f(x)|v  >  then  8,f  6  °xlu  • 

Remark  4.27s  We  denote  the  co-ordinates  of  the  point  f(x)  by 

f^x)  »  i  <  f  <  q  • 

Theorem  4.55?  If  U  c  X  ,  V  c  Y  are  locally  closed  subspaces  of 
affine  spaces  X  ,  Y  ,  then  a  map 
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is  regular  iff 

f±  :  U  - >  K 

are  regular  on  U  for  1  <  i  <  q  . 

Corollary  4.55s  The  composition  of  two  regular  maps  is  a  regular  map. 

3.  Structure  of  Algebraic  Variety 

A  variety  is  a  (point)  set  with  a  structure  given  by  a 
sheaf  of  local  rings,  or  given  by  embedding  it  in  some  space.  If 
a  variety  V  is  considered  as  a  (point)  set,  we  take  into  account 
all  points  on  V  whose  co-ordinates  are  in  an  algebraically  closed 
commutative  field  K  of  any  characteristic.  A  topology  on  V  is 
given  by  the  Zarski  topology. 

Definition  An  algebraic  variety  V  in  an  affine  space  X 

over  a  field  K  (algebraically  closed  field  of  any  characteristic) 
is  a  set  provided  with  two  structures* 

1.  Topological  structure 

The  set  V  has  the  Zarski  topology. 

2.  Algebraic  structure 

The  sheaf  of  germs  of  maps  <j$|V  over  V  with  values 
in  K  defines  a  subsheaf  0 |V  of  local  rings, 
which  are  subject  to  the  following  axioms: 

AV^  t  There  exists  a  finite  covering  'IT  =  of  the 

space  V  such  that  each  V  ,  provided  with  the 
induced  structure  of  V  ,  is  isomorphic  to  a  locally 
closed  subspace  IK  of  the  affine  space  X  ,  provided 
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with  the  sheaf  Q  |  of  local  rings  . 

AV^  i  The  diagonal  of  the  product  variety  V  x  V  is  closed 
in  V  x  V  . 

Theorem  4.5U:  If  V  is  an  algebraic  variety  in  an  affine  space 
over  some  algebraically  closed  field  K  ,  then  the  sheaf 

of  local  rings  is  a  coherent  sheaf  of  rings  over  V  . 

Remark  4,28s  The  sheaf  (jf  =  (J\V  of  local  rings  over  an  algebraic 
variety  V  is  fundamental  to  algebraic  sheaf  theory.  The  stalks 
0^  are  the  local  rings  of  V  at  the  various  points  x  €  V  . 

Local  sections  of  O  are  then  described  by  locally  regular  maps 
f  which  are  meromorphic  on  V  ;  and  any  such  map  is  an  element 
of  the  function  field  K  of  V  .  The  points  x  6  V  where  f  is 
not  regular  (i.e.,  the  points  x  such  that  f  fL  0  )  form  an 
algebraic  subvariety  W  of  V  ,  and  thus  f  defines  a  section  of 
over  U  =  V  -  W  (U  is  open  in  the  Zarski  topology)  . 

If  V  is  an  algebraic  set,  (J\V  can  be  given  locally  by 
embedding  parts  of  V  in  affine  spaces.  The  sheaves  of  local  rings 
thus  obtained  can  be  pasted  together  and  this  is  done  canonically, 
as  #|V  is  a  subsheaf  of  the  germs  of  numerical  maps  on  V  .  If 
there  are  multiple  components  this  method  of  pasting  together  the 
sheaves  on  the  affine  parts  is  not  canonical!  in  that  case  the  local 
structure  of  is  not  sufficient  to  determine  (5|v  . 
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U o  Algebraic  Sheaves 

The  purely  algebraic  theory  of  sheaves  developed  by  Serre  (9l) 
represents  the  first  systematic  application  of  homological  algebra 
to  abstract  algebraic  geometry.  The  ultimate  goal  of  the  cohomol- 
ogical  theory  of  sheaves  lies  in  the  direction  of  projective  varieties 
or  even  abstract  varieties,  A  preliminary  study  of  sheaves  on  affine 
varieties  is  essential  since  the  set  of  open  coverings  of  a  projective 
variety  V  by  affine  varieties  is  cofinal  with  the  set  of  all  open 
coverings  of  V  , 

Definition  4,54s  A  sheaf  ^  =  (S  ,  a  ,  V)  over  an  algebraic 
variety  V  is  said  to  be  an  algebraic  sheaf  if  it  is  a  sheaf  of 
(5  -modules,  where  is  the  sheaf  of  local  rings  over  V  . 

Remark  4,29s  The  sheaf  &&  (0  ,  <p  ,  V)  of  local  rings  over  an 
algebraic  variety  V  used  to  define  an  algebraic  sheaf 
^  -  (S  ,  a  ,  V)  is  called  the  sheaf  of  operators.  Each  stalk 
0  is  a  local  ring  and  S  is  a  module  over  0  .  The  ring 

structure  of  0  and  the  module  structure  of  S  both  vary 

x  x 

continuously  with  x  . 

Proposition  4.5ls  If  Cf  ~  (0  ,  q>  ,  V)  is  a  sheaf  of  local  rings 
over  an  algebraic  variety  ¥  ,  then  is  an  algebraic  sheaf. 
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Definition  U.55:  Let  $  =  (S  ,  ct  ,  V)  and  =  (R  ,  p  ,  V)  be 
algebraic  sheaves  over  an  algebraic  variety  V  .  A  homomorphism 
between  algebraic  sheaves 

h  :  $ - >  ft 

is  said  to  be  algebraic  if  it  is  an  \3  -  homomorphism;  or  equivalently, 
if  for  each  h  . 


h  :  S 
x  x 


■*  RX  < 


is  0  -linear;  i.e.,  if  for  every  x  e  V  the  local  homomorphism  h 

X  O'?  X 


is  0  -linear, 
x 


Remark  L.50:  We  can  define  substructures,  quotient  structures  and 
induced  structures;  operations  of  direct  sun  and  tensor  product; 
and  notion  of  exact  sequence  and  coherence  of  algebraic  sheaves. 


Theorem  4.^5:  If  h  is  an  algebraic  homomorphism  of  a  coherent 
algebraic  sheaf  <j£  onto  a  coherent  algebraic  sheaf  (R  on  an 
algebraic  variety  V  ,  then  h  maps  T(V  ,  )  onto  T(V  ,  P  )  . 

Theorem  k.^Gi  If  $  is  a  coherent  algebraic  sheaf  on  an  algebraic 
variety  V  ,  then  there  is  an  exact  sequence 
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5 .  Structure  of  Analytic  Variety 

We  state  the  definition  of  a  (complex)  analytic  variety 
in  terms  of  sheaves. 

Definition  4.56;  A  (complex)  analytic  variety  V  in  a  complex 
numerical,  space  Cn  of  (complex)  dimension  n  is  a  set  provided 
with  two  structures: 

1.  Topological  structure 

The  set  V  has  a  (separable)  topology. 

2.  Algebraic  structure 

The  sheaf  of  germs  of  continuous  (complex)  maps  defines  a 
subsheaf  Cf  |V  of  germs  of  holomorphic  maps, 
which  are  subject  to  the  following  axiom: 

AV^  s  For  each  x  €  ¥  ,  there  exists  an  open  set  U  containing 

x  and  sections  f  ,  i  =  1  ,  . . .  ,  n  ,  of  <3^  |  V  over  U  , 

zero  at  points  x  ,  such  that 

(a)  f^  define  a  homeomorphism  of  U  onto  an  open 

set  of  the  complex  number ial  space  Cn  . 

(b)  Elements  of  0^  are  the  composite  functions 

f(f  ,  ...  ,  f  )  »  where  f  is  holomorphic  at 

jl  n 

the  origin  (in  Cn)  . 

Remark  1+.51:  The  system  of  n  sections  f  having  these  properties 

are  called  the  system  of  local  co-ordinates  at  the  point  x  .  The 
sheaf  ff\V  is  called  the  sheaf  of  germs  of  holomorphic  maps. 
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Proposition  If  O  is  a  sheaf  of  germs  of  holomorphic  maps 

over  an  analytic  variety  V  ,  then  sections  of  (J  over  an  open  set 
U  c  V  are  holomorphic  maps  o  into  U  . 

Proposition  H.33:  If  V  is  an  analytic  variety,  then  the  set  of 
all  germs  of  holomorphic  maps  over  V  forms  a  sheaf  pf  rings. 

Remark  U.52;  Let  V  be  an  analytic  variety  and  let  0^  ,  the 

set  of  germs  of  holomorphic  maps.  Let  x  €  V  and  consider  holomorphic 
maps  at  x  ,  each  defined  in  some  neighborhood  of  x  .  We  say  that 
two  such  maps  are  equivalent  if  they  coincide  on  some  neighborhood 
sufficiently  small  of  x  .  This  is  an  equivalence  relation.  The 
set  of  all  holomorphic  maps  modulo  this  equivalence  relation  is 
called  the  set  of  germs  of  holomorphic  maps  at  x  ,  denoted  by  0 

2C 

The  set  of  all  germs  form  a  ring  over  each  point  x  . 

We  introduce  a  topology  in  the  set  of  all  germs 

0  =  0  as  follows s  Take  any  element  f  €  0  .  Then  f  €  0 

X€V  x  x 

o 

and  is  an  equivalence  class  of  maps  defined  in  a  neighborhood  of 

x  e  V  .  Take  a  representative  g  €  0  .  Now  g  is  defined  in 

o  x 

U  ,  a  neighborhood  of  x  e  V  .  Then  for  each  y  €  U 
X  o  X 

o  o 

assign  that  set  in  0^  containing  the  direct  analytic  continuation 

of  g  ,  say  {gy}  .  Then  ^  {gy}  is  by  definition  an  open 

X 

o 

set  which  form  a  base  for  the  topology  of  0  .  This  sheaf  is  called 
the  sheaf  of  germs  of  holomorphic  maps. 
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Definition  k,Yi‘ %  A  sheaf  »  (S  ,  <j  ,  V)  over  a  (complex)  analytic 
variety  ¥  is  said  to  be.  an  algebraic  sheaf  if  it  is  a  sheaf  of 
(-9* -modules,  where  &  is  the  sheaf  of  germs  of  holomorphic  maps 
over  V  . 

Proposition  lt-.34s  If  O' ~  (0  ,  Cp  ,  V)  is  a  sheaf  of  germs  of 

holomorphic  maps  over  an  analytic  variety  V  ,  then  O  is  an 

analytic  sheaf <, 

Definition  U.58»  Let  fS  -  (S  ,  cr  ,  V)  and  $  a  (R  ,  p  ,  V)  be 

analytic  sheaves  over  an  analytic  variety  V  .  A  homomorphism 

of  analytic  sheaves 

h  s  $  - >  if? 

is  said  to  be  analytic  if  if  is  an  (^-homomorphism;  or  equivalently, 

if  for  each  h  .. 

x  * 


is  0  -linear, 
x 

Remark  4. 55;  We  can  define  substructures,  quotient  structures  and 
induced  structures;  operations  of  direct  sum  and  tensor  product j 
and  the  notion  of  exact  sequence  and  coherence  of  analytic  sheaves. 
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7*  Isomorphism  of  Algebraic  and  Analytic  Sheaves 

The  study  of  an  algebraic  variety  V  defined  over  the 
field  of  complex  numbers  can  be  undertaken  from  two  points  of  view: 
the  algebraic  point  of  view,  in  which  we  are  concerned  with  the  local 
rings  of  the  points  of  V  and  with  the  regular  maps  (or  rational 
maps)  of  V  into  some  other  variety;  and  the  analytic  point  of 
view,  in  which  the  notion  of  holomorphic  map  otl  V  plays  the 
principal  role. 

In  other  words,  we  have  two  types  of  sheaves  associated 
with  an  algebraic  variety  V  ,  namely  the  analytic  sheaf  and 
the  algebraic  sheaf  .  They  differ  in  two  important  respects: 
in  the  topology  of  their  base  space  V  and  in  the  fact  that  0 

X* 

contains  0  but  is  a  much  larger  ring  that  0  .  Therefore  in 

X>  X 

the  classical  case  we  have  apriori  two  sheaf  theories,  or  two 
cohomology  theories  of  V  :  one  is  analytic,  the  other  is  algebraic. 
Serre  (91)  established  an  "isomorphism"  between  these  two  theories. 

Every  (affine)  algebraic  variety  V  over  the  field  of 
complex  numbers  can  be  provided,  in  a  canonical  way,  with  a  structure 
of  analytic  space.  Every  coherent  algebraic  sheaf  on  V  determines 
a  coherent  analytic  sheaf.  When  ¥  is  a  (projective)  algebraic 
variety,  we  can  show,  conversely,  that  every  coherent  analytic  sheaf 
on  V  can  be  obtained  also,  and  in  a  unique  way. 
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Since  the  Zarski  topology  is  weaker  than  the  Hausdorff 
topology,  we  can  define  a  mapping  from  the  algebraic  cohomology 
groups  into  the  corresponding  analytic  cohomology  groups  which 
commute  with  homomorphisms  in  both  theories.  Now,  since  the 
mapping  is  an  isomorphism  for  zero  dimensional  cohomology  groups 
and  since  the  sheaves  $  (n)  (  $ (n)  is  the  sheaf  which 

associates  another  sheaf  with  any  integer  n.)  have  the  property  that 

Hq(V  ,  $  )  =  0 

if  q  >  0  for  coherent  sheaves  in  both  theories,  then  the 
mapping  gives  an  "isomorphism"  of  the  two  sheaf  theories  in  the 
classical  sense. 
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